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ABSTRACT 

Given  a  bounded  open  subset  O  of  the  plane  whose  boundary  is  the  union 
of  finitely  many  polygons,  and  a  real  number  d  >  0,  a  manifold  FP  (the  free 
placements')  may  be  defined  as  the  set  of  placements  of  a  dosed  oriented  line- 
segment  B  (a  'ladder')  of  length  d  inside  O..  FP  \&  &  three-dimensional  manifold. 
A  'Voronoi  complex'  in  this  manifold,  a  two-dimensional  cell  complex,  is  deHned 
by  analogy  with  the  classical  geometric  construction  in  the  plane;  within  this 
complex  a  1-dimensional  subcomplex  N,  called  the  skeleton,  is  defined.  It  is  shown 
that  every  component  of  FP  contains  a  unique  component  of  N,  and  canonical 
motions  are  given  to  move  the  ladder  to  placements  within  N.  In  this  way, 
general  motion  planning  is  reduced  to  searching  in  a  suitable  represention  of  A^  as 
a  (combinatorial)  graph.  Efficient  construction  of  A^  is  described  in  a  companion 
peqjer. 
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Introduction. 

Given  a  bounded  region  O  (a  'room';  the  boundary  dCi  is  assumed  to  he  a  finite  union  of 
polygons)  in  the  plane,  and  a  directed  dosed  line-segment  B  (a  'ladder')  of  fixed  length  d  but  free 
to  move  within  fl,  the  ladder-movers'  problem  is  to  find,  given  a  pair  Zg,  Zj  of  placements  of  B 
within  n,  whether  it  is  possible  to  move  the  ladder  continuously  between  the  two  placements  while 
remaining  within  O,,  and  to  plan  such  a  motion  if  possible  (since  H  is  open,  it  is  in^lidt  that  the 
ladder  never  touch  the  boundary  of  the  room).  Topologically,  the  set  FP  of  free  placements'  of 
the  ladder  -  i.e.,  placements  within  H  —  is  an  open  three-dimensional  manifold,  and  the  movers' 
problem  reduces  to  determining  the  (path-)  connected  components  of  this  manifold.  Our  method 
is  to  identify  a  'Voronoi  complex'  VorJJi))  within  the  manifold  FP,  by  analogy  with  the  'Voronoi 
diagram'  in  the  plane,  and  further  to  define  a  1-dimensional  'skeleton'  N  within  this  Voronoi 
complex.  First  we  show  that  every  (path-connected)  con^nent  of  FP  contains  a  unique 
component  of  Vor^{£i).  To  show  this  we  define  a  retraction-like  m^)ping  Im  from  FP  onto 
Vorj(fl):  if  this  m^  were  continuous  everywhere  then  the  connectivity  property  would  follow 
immediately;  however,  the  map  Im  does  possess  discontinuities,  but  these  are  easily  analyzed  and 
it  is  shown  that  the  discontinuities  do  not  jump  across  different  components  of  Vor^(CL). 

The  task  of  this  paper  is  to  investigate  the  topological  properties  of  the  Voronoi  complex.  To 
be  precise,  we  separate  the  complex  into  connected  two-dimensional  surfaces  with  boundary, 
which  we  call  sheets,  where  distinct  sheets  can  overlap  only  along  their  boundaries;  within  each 
sheet  we  define  a  1-dimensional  connected  network  wliicfa  includes  the  boundary  of  the  sheet.  The 
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union  of  all  these  networks  defines  the  skeleton  of  FP  mentioned  above.  The  size  of  the  skeleton 
as  a  combinatorial  object  is  shown  in  a  companion  paper  [OSY2]  to  be  0(n^og*n),  where  n 
measures  the  complexity  (number  of  comers)  of  the  polygonally  bounded  room  Vt.  Construction 
of  the  skeleton  in  time  C>(n-lognlog'n)  is  also  described  in  [OSY2]. 

There  has  been  much  activity  recently  on  various  forms  of  the  movers'  problem  from  a 
purely  algorithmic  point  of  view([LW],[SSl],[SS2],[HIW]).  For  the  problem  considered  here  of 
moving  a  ladder  in  n  an  0{rr')  solution  is  described  in  [SSI],  using  a  different  approach.  The  use 
of  the  Voronoi  diagram  in  motion-planning  was  first  proposed  in  [Row]  and  subsequently 
rediscovered  in  [OY]  where  an  efficient  algorithm  for  moving  a  disc  is  described.  An  extended 
summary  of  the  work  in  this  paper  (as  well  as  that  of  [OY],[OSY2])  was  first  sketched  out  in  the 
conference  paper  [OSYl]. 

1.  Deflnltioiu  and  terms. 

Let  E2  represent  the  Euclidean  plane  with  the  Euclidean  metric.  A  'ladder'  iB  is  a  dosed 
directed  line-segment  of  fixed  length  d,  fiee  to  move  in  a  'room'  n  -  an  open  bounded  region  in 
£2  whose  boundary  afl  is  a  finite  union  of  pairwise  disjoint  dosed  polygons.  Following  [Kir]  we 
decompose  an  into  a  finite  set  5  of  comers  and  open  wall-segments.  Here  n  =  \S\  measures  the 
complexity  of  the  room.  Any  wall  or  comer  in  5  is  caUed  an  object.  We  regard  each  object  as  a 
set  of  points  in  the  plane  -  thus  a  comer  is  a  singleton  set  {p}.  We  assume  for  computational 
purposes  that  the  set  S  is  represented  so  that  all  wall-segments  are  given  an  explidt  orientation, 
with  the  interior  of  CI  to  their  left.  Thus  there  are  no  difficulties  in  regarding  Ci  as  being 
completely  defined  by  specifying  S. 

P  and  Q  denote  the  two  ends  of  the  ladder.  Each  placement  Z  of  the  ladder  can  be  specified 
as  a  triple  (x^fi),  where  (x^y)  are  the  co-ordinates  of  the  P-end  of  the  ladder  and  9  is  the 
orientation  of  the  ladder  -  the  angle  the  directed  line-segment  PQ  makes  with  the  positive  x-axis. 
Thus  the  set  of  placements  has  three  degrees  of  freedom.  Given  a  placement  Z  we  write  /'(Z), 
QiZ),  and  e(Z)  to  indicate  respectively  the  positions  of  the  ends  of  the  ladder  and  its  orientation. 
Given  a  placement  Z,  the  point  set  B{Z)  consists  of  aU  points  on  the  ladder  when  in  placement  Z 
-  to  be  predse,  B(x,y,6)  =  {(x-t-fcose  ji-»-rsin0):  0  ^  f  s  </}.  "Ilie  placement  Z  is  free  if  B(Z)  is 
in  n.  We  are  interested  in  the  set  FP  -  FP{d,il)  of  all  free  placements.  Qearly  it  is  an  open 
submanifold  of  the  set  of  all  placements.  The  dosure  of  FP  we  write  as  SFP  and  call  the  set  of 
semifree  placements.  (Except  for  certain  degenerate  configurations  of  Cl,  SFP  is  the  set  of  all 
placements  in  which  the  ladder  is  in  the  dosure  of  CI.) 
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Z  =  (;c,  y,  e) 
P(.Z)  =  (,x.y) 
Q(Z)  =  (x+dcosQ,  y  +  dsinQ) 


Figure  1.  Illustrating  a  placement  of  the  ladder 

Qven  two  dosed  nonempty  sets  X  and  Y  in  E2,  we  define  their  separation,  sep{X,Y),  as 
foUows: 

sepiX,Y)  =  Inf{d(p,q):p^X,  q^Y} 

and  by  abuse  of  notation  write  sep(p,Y)  for  sep({p},Y),  etcetera.  Given  a  placement  Z  and  a 
nonnegative  real  number  r,  the  (Z,r)-racetrack,  written  R(^,r),  is  the  planar  set  of  points 

{p^E2.sep{p,Y)  ^r) 

The  shape  of  the  'racetrack'  is  the  reason  for  its  peculiar  name.  The  boundary  of  the  racetrack 
(assuming  nondegenerate,  i.e.,  r  >  0),  consists  of  two  sonidrdes  (the  bends)  and  two  straight 
line-segments  (the  sides).  Given  any  placement  Z,  its  clearance,  wntXea  Clearance(Z),  is  the 
smallest  nonnegative  r  such  that  R(Z,r)  intersects  the  complement  OF  of  the  room.  (Alternatively, 
Clearance(Z)  =  sep(B(Z),Clf).)  We  write  /?(Z),  and  call  it  the  Z-racetrack,  to  denote  the  racetrack 
R(Z,Clearance(Z)).  Note  that  FP  can  be  characterized  as  the  set  of  placements  of  positive 
dearance. 

Given  a  semifree  placement  Z,  we  define  Near(Z)  to  be  the  intersection  R(Z)r\Cf  (which  is 
the  same  as  dR(Z)ndCl).  In  placement  Z  an  object  j  in  5  is  mar  the  ladder  fl(Z)  if 
sr\Near(Z)  ^  0.  Finally,  the  Voronoi  complex  Vor^(Cl)  is  the  set  of  all  free  placements  Z  in  FP 
such  that  Near{Z)  is  disconnected  (in  genera],  Near(Z)  consists  of  a  union  of  isolated  points  and 
dosed  line-segments).  Note  that  this  definition  generalizes  the  standard  notion  of  Voronoi  diagram 
in  the  plane  (see  e.g.  [OY])  in  the  sense  that  if  d  =  0  then  the  ladder  degenerates  to  a  point  in  the 
plane,  FP  may  be  identified  with  CI,  the  racetracks  become  dosed  discs,  and  Vorc(n)  consists  of 
all  points  Z  in  fl  such  that  Near(Z)  contains  more  than  one  point.  Therefore  we  shall  always  write 
VorQ(n)  to  denote  this  standard  Voronoi  diagram  of  ft.  A  slightly  different  definition  of  VorQ(il) 
is  used  by  [Kir].  In  particular,  if  5  is  a  wall-segment  and  s'  is  its  endpoint,  then  the  Voronoi 
diagram  of  Kirkpatrick  indudes  those  points  suffidently  dose  to  s'  on  the  line  passing  through  s' 
perpendicular  to  j.  We  will  call  this  alternative  definition  of  Kirkpatrick  the  augmented  standard 
Voronoi  diagram.   It  is  not  hard  to  see  that  the  augmented  standard  Voronoi  diagram  is  predsely 
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the  union  of  the  standard  Voronoi  diagram  with  additional  edges  of  the  type  just  described. 


Y///y/// 


Figure  2.  A  Race-track:  NeariZ)  has  two  components 


In  analyzing  FP  and  Vor^{^)  we  <hal1  make  use  of  a  'displacement'  technique  which  has 
proved  useful  in  motion-planning.  First,  given  two  subsets  X  and  Y  of  E2,  their  Minkowski  sum  is 

X+Y  =  {p+q:piX,qiY}, 

and  similarly  we  define  X-Y  as  the  set  of  differences  {p-q:piX,  q(.Y}.  This  should  not  be 
confused  with  the  set-theoretic  difference  X'-Y.  Again  by  abiise  of  notation  we  write  p-X  for 
{p}-X  and  so  on.  Given  an  orientation  9,  define  5,  as  5((0,0,9)),  i.e.,  the  set  of  all  points  on  the 
ladder  when  the  P-endpoint  is  placed  at  (0,0)  and  the  orientation  is  6.  Then  define  Cl^  as 

In  other  words,  fi,  is  the  complement  of  the  Minkowski  sum  of  -S,  with  the  complement  of  CI. 
The  next  figure  illustrates  this. 
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Figure  3.  Illustrating  Cf  and  n| 


It  is  not  difficult  to  verify  the  following  relations: 

[1]     B{Z)  =  P{Z)  +  B,^^. 

[2]     R{Z,r)  =  D^{x,y)  +  fl,,  where  Z  =  (jtjy.e)  and  D^{x^)  is  the  dosed  disc  of  radius  r  about 

[3]     sep(pJB(Z))  =  sep{P(Z)j)—B^(2))  ^'^  *"y  PO"**  p  in  the  plane.   (Again  note  that  p-B^^^  is 
the  Minkowski  difference.) 

[4]      CUaranceiZ)  =  sep(P(Z),ir-B,)  =  «p(/'(Z),(n,(^)>-). 

A  consequence  of  these  relations  is  that  we  can  loosely  regard  the  Voronoi  complex  as  a 
family  of  planar  Voronoi  diagrams  parametrized  by  orientation  9:  this  is  made  precise  in  the  next 
lemma.  Recall  that  a  free  placement  Z  is  in  Vor^(Cl)  if  Near(Z)  has  more  than  one  connected 
component,  so  at  least  two  points  in  dCl  belong  to  different  components  of  Near(Z).  We  shall  sec 
later  that  some  difficulties  are  introduced  in  considering  placements  in  which  Near{Z)  is 
disconnected  but  contained  in  the  same  side  of  the  Z-racetrack;  for  instance,  two  comers  of  dCi 
could  touch  the  same  side  of  the  racetrack.  We  shall  call  placements  in  which  this  occurs  broadside 
placements. 


Lemma  1.1  Let  Z  =  (x^,Q)  be  a  free  placement.  If  (xo-)  €  Voro(n,),  then  Z  6  Vor^(n). 
The  cnnverse  holds  except  for  broadside  placements. 

Proof.  Let  r  =  CUarance(Z),  and  suppose  that  (xj)  is  in  the  standard  Voronoi  diagram  of 
Clf.  Thus,  by  property  [4]  above  and  the  definition  of  Vorg([\),  the  closed  disc  D  of  radius  r 
about  (x,y)  intersects  30,  in  at  least  two  points  p  and  q.  It  is  not  difficult  to  deduce  that  NeariZ) 
intersects  both  p-B^  and  q-Bf^,  at  points  p'  and  q' ,  say.  It  is  impossible  that  p'  and  q'  be  on  the 
same  side  of  the  racetrack,  so  Near(Z)  has  more  than  one  component,  and  thus  Z  €  Vor^iCl). 
Conversely,  if  Z  €  Vor^{Ci)  is  not  a  broadside  placement,  then  there  exist  at  least  two  points  p' 
and  q'  in  Near(Z)  but  not  on  the  same  side  of  the  racetrack.  It  is  easy  to  show  that  O^Z) 
intersects  both  p'-B^  and  q'-B^,  where  D^(Z)  is  the  dosed  disc  of  radius  Clearance{Z)  about 
P{Z)\  since  the  sets  p'-B^  and  q' -B^  are  dearly  disjoint,  the  points  of  intersection  must  be 
distinct  and  P{Z)  €  VoroCn,).  Q.E.D. 

Let  jj  and  j,  t«  two  objects  in  the  set  5  of  comers  and  wall-segments  defining  n.  We  say 
that  the  objects  are  separated  unless  either  (j)  they  consist  of  a  comer  and  an  adjacent  wall- 
segment,  or  (u)  they  are  two  comers  at  opposite  ends  of  a  common  wall-segment.  It  is  easy  to 
verify  that  a  free  placement  Z  is  in  VorJO)  if  and  only  if  Near{Z)  intersects  two  separated  objects. 
Therefore,  when  two  objects  *i  J2  ^^  separated  we  define  the  midsurface  ^f{Sl,s^  as  the  set 

{Z^FP:  Near(Z)  C  JiUjz.  NeariZ)ns^^0,  Near(Z)ns2*0}. 

In  other  words,  M(s^,s^  consists  of  all  free  placements  near  to  jj  and  j,  but  to  no  other  object  in 
S.  It  is  not  hard  to  see  that  a  midsurface  need  not  be  connected: 


//// 


//// 


Figure  4.  Z  and  Z'  are  in  different  components  of  A/(j, ,  s-,) 


An  (s^yS^-sheet  is  defined  as  the  dosure  in  SFP  of  a  connected  component  of  A/(j,,J2).  The 
interior  AT"  of  a  sheet  AT  is  the  set  of  all  placements  Z  in  AT  such  that  for  some  neighborhood  U  of 
Z  (in  the  space  of  all  placements,  free  or  otherwise)  UnSFP  C  ^;  the  boundary  dK  is  K-IC;  and 
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Xhtfree  boundary  of  AT  is  the  intersection  dKHFP. 

Remark.  We  have  defined  a  sheet  only  for  separated  pairs  of  objects,  since  placements  in 
Vor^(Cl)  must  be  near  two  or  more  separated  objects.  However,  the  definition  of  a  sheet  will  force 
us  to  consider  placements  in  wWch  the  ladder  is  near  three  or  more  objects  which  are  not 
necessarily  pairwise  separated.  Note  also  that  if  jj  is  a  concave  comer,  i.e.,  one  at  which  the 
angle  of  the  incident  walls  as  measured  from  inside  CI  is  less  than  it,  then  M(s^,S2)  is  empty  for  all 
objects  J,"   Most  discussions  in  this  paper  become  vacuous  for  concave  comers. 

We  shall  see  in  later  sections  that  two  sheets  can  intersect  only  along  their  boundaries,  and 
that  Vor^(n)  is  covered  by  these  sheets  (the  inclusion  is  strict  since  sheets  can  include  semifree 
placements).  Indeed,  once  the  basic  properties  of  Vor^(Ci)  have  been  established,  the  remaining 
analysis  will  investigate  the  properties  of  sheets.  The  correctness  of  the  analysis  will  depend 
heavily  on  certain  nondegeneracy  conditions  holding  for  FP.  For  example,  in  the  figure  below,  the 
ladder  is  in  Vor^{Ci,)  but  not  on  any  sheet.  This  anomaly  arises  from  the  collinearity  of  the  three 
comers  shown  in  the  figure  (the  placement  is  on  no  sheet  since  it  is  impossible  for  nearby 
placements  to  be  near  to  two  of  the  comers  without  being  near  to  the  third). 


Figure  5.  A  placement  not  in  any  sheet 

To  eliminate  this  and  other  similar  problons,  we  mJEike  the  following  nondegeneracy 
assumptions  about  CI  and  the  relation  of  the  ladder  to  SI. 

General  position.  No  three  comers  are  collinear;  no  four  comers  are  concyclic;  no  two 
comers  are  separated  by  a  distance  d;  no  comer  and  a  wall  are  separated  by  a  distance  d;  no 
two  pairs  of  comers  determine  parallel  lines  (whether  or  not  the  lines  define  wall-segments); 
for  any  free  placement  Z,  Near(Z)  has  at  most  4  components;  given  any  placement  Z  such 
that  B(Z)  C  Cl  (closure  of  ft),  Z  €  SFP  (in  otiier  words,  there  are  no  placements  in  wliich 
the  ladder  is  'stuck');  given  two  walls,  the  infinite  lines  containing  them  do  not  intersect  at  a 
point  equidistant  from  any  two  comers. 


-8- 

Thlck  walk.    H  is  the  interior  of  its  closure,  with  no  slits  or  punctures;  every  corner  is 

incident  to  exactly  two  walls. 

Discussion.  It  is  worthwhile  at  this  stage  to  consider  the  broad  strategy  of  the  rest  of  the 
paper.  In  Section  2  we  show  that  motion-planning  in  FP  can  be  reduced  to  motion-planning  in  the 
Voronoi  complex  Vor^([l).  The  idea  is  to  define  a  map  Im:  FP  -  Vor^{Cl)  which  is  retraction-like 
in  the  sense  that  the  map  fixes  all  placements  in  Vor^(fi)  and  is  continuous  almost  everywhere. 
Essentially  the  map  Im  is  defined  by  the  rule  that  if  a  placement  Z  is  not  in  Vor^(n)  then  an  image 
placement  Im{Z)  in  Vor^(Cl)  is  obtained  by  translating  the  ladder  (keeping  its  orientation  fixed)  in 
a  direction  of  maximally  increasing  clearance  until  a  placement  in  Vor^([l)  is  obtained.  It  follows 
that  Z  and  Im(Z)  must  always  be  in  the  same  (path)-component  of  FP.  If  Zq  and  Z^  are 
placements  in  the  same  (path)-coinponent  of  FP  then  by  definition  there  is  a  continuous  map 
ri:  [0,1]-FP  taking  0  to  Zq  and  1  to  Zj.  The  composition  of  the  two  maps  Im  and  Fl  yields  a  map 
4)  from  [0,1]  to  Vor^(Ci).  We  shall  see  that  although  the  map  <t>  may  have  discontinuities  they  can 
be  assumed  to  be  finite  in  number  and  then  shown  not  to  'jump'  across  different  path  components 
of  Vor^(il).  Thus  a  path  from  Zq  to  Z^  can  be  used  to  define  a  path  from  Im{Z^  to  Im{Z.)  in 
Vor^{VL).  This  essentially  reduces  the  problem  of  planning  motions  in  FP  to  planning  motions  in 
VorJJTL).  (See  [OY]  for  an  application  of  the  same  principle  to  the  simpler  problem  of  moving  a 
disc.) 

In  Section  3  we  introdixce  standard  choices  of  coordinate  system  for  M{s^,s-^  for  each  of  the 
different  types  of  pairs  of  objects:  two  comers,  two  walls,  or  a  wall  and  a  comer.  We  also 
introduce  the  idea  of  'streamlines'  which  are  ao&s-sections  of  such  midsurfaces  obtained  by  fLung 
one  of  the  parameters.  (Specifically,  except  for  the  case  of  broadside  placements,  these  streamlines 
are  sets  of  placements  all  having  a  common  orientation  9,  so  we  have  a  family  of  streamlines  each 
parametrized  by  orientation  9).  In  Section  4  we  analyze  the  boundary  of  a  sheet  and  classify  it 
into  several  different  classes  depending  on  the  relations  which  locally  determine  the  boundary.  In 
Section  5  we  show  that  a  streamline  must  be  connected  and  must  intersect  the  interior  of  the  sheet 
in  a  connected  interval  of  placements.  It  follows  that  each  streamline  intersects  the  boundary  in 
two  connected  intervals  of  placements,  which  we  call  the  (east  and  west)  'ends'  of  the  streamline. 
The  east  (resp.  west)  end  of  a  sheet  is  defined  as  the  union  of  the  east  ends  of  streamlines  in  the 
sheet.  This  enables  us  to  describe  the  boundary  dK  of  a  sheet  ^  as  the  union  of  the  east  and  west 
ends  of  K.  In  Section  6  we  show  tliat  in  any  sheet  K  either  (a)  all  orientations  are  feasible,  and 
the  sheet  is  homeomorphic  to  a  bounded  cylinder,  with  disconnected  boundary,  or  (fe)  not  all 
orientations  are  feasible  within  the  sheet  and  the  sheet  is  homeomorphic  to  a  disc,  with  coruiectcd 
boundary.  Based  on  this  analysis  we  add  one  or  two  'canonical'  streamlines  to  the  boundary  of 
the  sheet  so  to  produce  a  connected  1 -dimensional  network  containing  the  boundary  of  the  sheet. 


This  we  call  the  'skeleton'  of  the  sheet. 

By  taking  the  union  of  the  skeletons  of  all  sheets  of  Vor^(fl)  we  obtain  a  1 -dimensional 
network  whose  connectivity  reflects  the  connectivity  of  Vor^(il)  and  hence  of  FF.  By  this  is  meant 
that  if  there  exists  a  path  from  Zq  to  Zj  in  Vor^(fl),  then  there  exists  a  path  which,  except  for  its 
initial  and  final  segments,  is  entirely  within  network.  Computing  the  initial  (resp.  final)  segment 
of  sudi  a  path  merely  involves  following  the  streamline  containing  the  initial  (resp.  final) 
placement  in  a  direction  of  nondecreasing  clearance  (this  can  always  be  done)  until  one  or  other 
end  of  the  streamline  is  achieved.  Since  the  connectivity  of  Vor^(n)  is  fully  defined  by  the 
adjacency  relationships  among  its  sheets,  and  therefore  by  the  adjacency  relation  among  the 
skeletons  of  its  sheets,  it  follows  that  to  find  the  rest  of  the  f>ath  reduces  to  a  combinatorial  search 
of  the  skeleton  of  the  sheet. 

Finally,  (Section  7),  we  investigate  more  closely  the  structure  of  the  skeleton  of  a  sheet  and 
conclude  that  the  free  skeleton  of  every  sheet  is  connected.  This  is  convenient  since  it  shows  that 
the  method  of  this  paper  yields  motions  which  do  not  involve  semifree  placements.  Without  this 
observation  the  motions  prescribed  by  simply  foUowing  the  (semifree)  skeleton  might  need  to  be 
perturbed  to  contain  them  within  FP. 

Let  us  briefly  compare  the  approach  of  this  paper  with  the  solution  [OY]  to  the  simpler 
problem  of  moving  a  disc.  The  latter  problem  mvolves  computing  the  standard  Voronoi  diagram 
VorQ(n),  considering  a  map  Im  as  before,  and  deducing  that  the  motion-planning  problem 
essentially  reduces  to  one  in  which  tlie  center  of  the  disc  moves  along  the  edges  of  the  Voronoi 
diagram.  The  structure  of  the  standard  Voronoi  diagram  is  simplified  [Kir]  if  for  each  convex 
comer  we  add  two  edges  emanating  from  the  comer  and  perpendicular  to  the  two  walls  incident  to 
the  comer.  The  augmented  diagram  is  still  a  planar  graph  G  with  size  linear  in  the  number  of 
objects;  Also,  the  components  of  Cl~G  (ie.,  the  faces  of  the  graph)  are  called  Voronoi  cells  where 
each  cell  V(s)  is  'owned'  by  an  object  j  in  5  in  the  sense  that  V(s)  consists  of  all  points  in  CI  closer 
to  s  than  to  any  other  object  in  S.  Each  cell  V(s)  is  star-shaped  relative  to  s  and  hence  connected, 
and  the  map  Im  projects  V(s)  onto  its  'real'  boundary  -  its  boundary  within  the  standard  Voronoi 
diagram.  The  ceUs  V(s)  are  bounded  by  Voronoi  edges  which  in  tum  are  bounded  by  Voronoi 
vertices.  In  this  paper  the  sheets  K  play  the  roles  of  such  cells.  Qjrresponding  to  Voronoi  edges 
we  define  1-dimensional  sets  in  Vor^(Ci)  consisting  of  all  those  placements  that  are  closest 
(simultaneously)  to  three  object  (s^,  S2,  J3).  We  call  these  sets  midlines  and  denote  them  as 
M(si,S2,Si).  Similarly  the  set  of  placements  dosest  to  four  objects  s,  define  further  subsets  which 
by  applying  the  principle  of  general  position  and  using  ideas  of  algebraic  geometry  we  know  to  be 
finite  sets:  hence  their  elements  are  isolated  placements  which  we  also  call  Voronoi  vertices. 
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Let  us  briefly  cxjnsider  two  examples  to  show  how  the  boundary  of  a  sheet  can  be 
disconnected.  In  the  first  the  ladder  is  trapped  in  a  large  triangular  room  bounded  by  three  walls 
Sf.  Here  the  ladder  can  be  rotated  completely  while  maintaining  contact  with  s^  and  j,  (or  with  one 
end  touching  their  common  comer).  We  deduce  that  one  'end'  of  the  sheet  M{sy,  jj  consists 
entirely  of  semifree  placements,  and  is  continuously  parametrized  by  orientation  0,  thus 
horaeomorphic  to  the  unit  circle  5'.  Wc  know  that  every  e-streamline  contains  boundary 
placements  at  the  other  'end'  of  the  sheet  (where  the  ladder  is  also  nearest  to  jj),  and  this  set  of 
boundary  placements  is  (for  the  example  illustrated  here)  also  continuously  parametrized  by 
orientation  9.  Thus  in  this  example  the  boundary  is  disconnected  but  the  free  boundary  (consisting 
entirely  of  the  other  ends  of  these  streamlines)  is  connected. 


Figure  6.  Sheet  with  disconnected  boimdary  but  its  free  boundary  is  connected 

In  the  second  example  jj  is  a  comer  and  jj  is  a  horizontal  wall  whose  distance  from  the 
comer  is  less  than  d,  and  s^  has  two  incident  walls  ^3  and  J4  forming  angles  9^„  <  0  and  6„^  >  0 
respectively  (see  next  figure).  It  can  be  shown  that  [9njjn'®maJ  ^^  ^^  range  of  orientations  feasible 
in  one  of  the  sheets  of  M{s^,S2).  In  this  case  there  exists  one  negative  angle  Sg  >  6n^n  ^'  which  P 
touches  jj  and  Q  touches  Jt  and  a  positive  angle  9i  <  6,^^  at  which  P  touches  j;  and  Q  touches 
jj.  (See  figure  20  in  Section  7  for  a  similar  configuration.)  It  is  not  hard  to  see  that  the  boimdary 
(composed  of  the  east  and  west  ends)  of  the  sheet  are  connected.  There  is  a  connected  subset  of 
the  boundary  corresponding  to  semifree  placements  where  P  touches  Jt  and  j,  touches  Q  or  the 
interior  of  the  ladder;  similarly,  another  such  subset  corresponds  to  where  Q  touches  j;  and  j, 
touches  /»  or  the  interior  of  the  ladder.  The  orientations  of  placements  in  these  two  semifree 
subsets  lie  in  the  range  [9^„,  9o]  and  [9i,  9^.    Thus  the  boundary  is  connected  but  the  free 
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boundary  has  two  components.  [Remark:  in  forming  the  skeleton  discussed  above,  in  this  case  we 
augment  the  boundary  with  the  set  of  all  placements  in  AT  at  orientation  0,  and  this  is  a  connected 
set  of  free  placements  intersecting  the  east  and  west  ends  in  free  placements.  This  set  serves  to 
connect  the  components  of  tlie  free  boundary  of  K.  Note  that  M(s^,s^  has  two  components  in  this 
case;  the  other  component  corresponds  to  the  range  [-9„^,  -6naJ-l 


Figure  7.  The  boundary  is  connected  but  the  free  boimdary  is  not 


2.  The  retraction  theorem. 

In  this  section  we  show  that  every  (path-connected)  component  of  FP  contains  exactly  one 
component  of  Vor^^Cl),  and  furthermore  that  there  is  a  retraction-like  map  Im  which  takes  every 
placement  Z  to  a  placement  Im(Z)  on  Vorj(Cl)  and  in  the  same  component  of  FP.  We  begin  with 
a  basic  property  of  the  Voronoi  cotaplex  of  FP:  it  is  dosed  in  FP. 

Definition.  Let  A  and  B  be  two  nonempty  subsets  of  a  metric  space  Y.  The  Hausdorff 
distance  d{AJB)  is  defined  as  xasii(f{Afi)J(B,A))  where 

f{Afi)  =  Sup{sep{y^)^.y^B} 

The  Hausdorff  distance  defines  a  semi-metric  on  the  set  of  all  nonempty  subsets  of  Y,  and  the 
restriction  of  the  Hausdorff  distance  to  the  set  of  dosed  subsets  of  y  is  a  metric  on  that  set.  If 
F:X-Pow{Y)'-{0\  is  a  family  of  nonempty  subsets  indexed  (or  parametrized)  by  indices  in  a 
topological  space  Jf,  we  say  that  F  is  continuous  if  it  is  continuous  with  respect  to  the  Hausdorff 
distance. 

Remark.  When  in  the  above  definition  the  space  Y  is  Euclidean  (in  this  paper  Y  is  always 
the  plane  E^  or  a  subset  thereof),  the  map  F  is  continuous  if  and  only  if  for  every  z  in  X  and  t  > 
0  there  exists  an  open  neighborhood  U  oiz'mX  such  tliat  for  every  z'  in  U, 
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f(2)CF(z')+D,  , 

and 

F(z')  Q  Fiz)+D,  , 

where  D,  is  the  (dosed)  disc  of  radius  c  about  (0,0).  (Note  that  once  again  we  are  using  the 
Minkowski  sum  of  sets).  This  definition  of  continuity  is  easier  to  deal  with.  In  order  to  show  that 
Vor^(Cl)  is  dosed  in  FP  we  shall  use  the  fact  (proved  below)  that  the  Z-racetrack  varies 
continuously  with  Z.  Note  that  when  we  speak  of  SFP  as  a  topological  space,  we  are  implidtly 
giving  it,  say,  the  relative  topology  as  a  subset  of  the  metric  space  £2^8^  (5'  is  the  unit  drde). 
Loosely  speaking,  {x,y,6)  is  dose  to  (x' y  ,9')  if  the  components  are  dose. 
Lemma  2.1.  The  moping  Z-^(Z)  is  continuous  on  SFP. 

Proof.  (Note  that  the  Z-racetrack  coinddes  with  fl(Z)  if  Z  is  not  a  free  placement.)  It  is 
easy  to  show  that  the  function  Clearance (Z)  is  continuous  on  SFP.  Fix  a  placement  Z  in  SFP,  and 
choose  €  >  0.  It  is  easy  to  show  there  exists  a  neighborhood  U  oiZ  in  SFP  such  that  for  every  Z' 
inU 

(i)      \Clearance(Z)  -  ClearanceiZ')\  <  t, 
(ii)     5(Z)  Cfl(Z' )+£),,  and 
(ill)    B(Z')  Q  B(Z)+D,. 

Therefore,  writing  r  for  Clearance(Z),  and  r'  for  Clearance{Z'),  R(Z)  =  R(Z,r)  =  D,+B{Z)  C 
D^-^,+(B{Z')+D^)  =  D^+B(Z')+D,+D^  =  R(Z')+D2,.  The  reverse  indusion  is  proved  similarly. 
Q.E.D. 

In  Lemma  2.2  below  we  exploit  the  continuity  of  /?(Z)  as  a  function  of  Z  in  a  way  which  will 
recur  many  times  in  this  paper,  and  which  is  therefore  worth  separate  consideration.  Fu^t  let  us 
dassify  the  components  of  Near(Z)  for  any  semifree  placement  Z.  Let  A^  be  a  component  of 
Near(Z),  so  it  is  either  a  point  or  a  dosed  line-segment.  Thus  N  may  be  either  (i)  a  comer;  (ii)  a 
single  point  on  a  wall;  (iii)  a  line-segment  (of  length  d)  contained  in  a  wall;  (iv)  a  line-segment 
intersecting  a  wall  and  one  of  its  endpoints;  or  (v)  a  line-segment  consisting  of  a  wall  and  both  of 
its  endpoints. 
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(i)  and  (ii) 


(iii)  and  (iv) 


(V) 


Figure  8.  Different  types  of  components  of  Near(Z) 


DeOnition.  Let  Z  be  a  semifree  placement.  A  thickening  of  the  Z-racetrack  is  any  racetrack 
R  of  the  form  R(Z,r)  where  r  >  Clearance{Z)  but  is  sufficiently  small  to  ensure  that  every 
connected  component  C  of  RHOF  is  convex,  hence  connected,  and  contains  exactly  one  component 
A^  of  Near(Z),  and  CDdCl  is  contained  in  the  following  objects,  depending  on  the  above 
classification  of  N:  (i)  the  comer  and  its  two  incident  walls;  (ii,  iii)  the  wall  itself;  (iv)  the  comer 
and  its  two  incident  walls;  (v)  the  two  comers  and  the  three  incident  walls.  It  is  not  hard  to  see 
that  thickenings  for  any  Z-racctrack  exist.  Note  that  this  depends  on  the  'thick  walls'  assumption, 
which  requires  that  every  comer  be  incident  to  exactly  two  walls. 

Corollary  to  Lemma  2.1.  Let  Z  be  a  semifree  placement.  Then  for  any  diickening  R  of  the 
Z-racetrack  there  exists  an  open  neighborhood  U  of  Z  in  SFP  such  that  for  any  placement  Z'  in 
SFPnu,  _ 

(i)     R(Z)QR,  and 

(ii)     every  component  of  RHiY  contains  at  most  one  component  of  Near{Z'). 

Proof,  (i)  is  an  easy  consequence  of  the  continuity  of  i?(Z)  as  a  function  of  Z.  To  prove  (ii), 
note  that  Near{Z')  =  \^iR(Z')(^Ci)  where  the  union  is  over  all  convex  components  C,  of  RHCL'' . 
Q.E.D. 

The  above  corollary  will  prove  very  useful;  it  readily  implies  that  VorJ£l)  is  dosed  in  FP. 
(Since  Vor^(n)  Q  FP,  dearly  Vor^(il)  is  not  dosed  in  SFP.) 

Lemma  2.2.   Vor^{CL)  is  dosed  in  FP. 

Proof.  It  is  enough  to  show  that  FP-^VorJJil)  is  open.  Let  Z  be  a  placement  in 
FP~Vor^(0),  and  let  /?  be  a  thickening  of  the  Z-racetrack;  by  definition,  RCWlf  is  convex.  By  the 
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above  corollary  there  exists  an  open  neighborhood  1/  of  Z  in  the  (open)  set  FP  such  that  for  every 
placement  Z'  in  U,  Near{Z')  has  at  most  one  component,  and  hence  Z'  €  FP—Vor^{0.).  Thus  U 
QFP~Vor^(a,).   Q.E.D. 

We  now  define  a  flow-like  function  <})(Z,f)  which  is  guaranteed  to  move  the  ladder  onto  the 
Voronoi  complex.  In  general  this  flow  is  defined  for  all  placements  in  FP~-Vor^(D.),  but  it  is 
important  to  observe  that  it  makes  sense  also  to  define  it  for  broadside  placements  as  well.  This 
observation  is  important  in  reconciling  the  discontinuities  of  the  map  Im  (defmed  below)  with  the 
continuity  requirement  in  motion-planning  paths. 

Definitions  and  remarlu.  Let  Z  he  a  placement  in  FP~Vor^(Cl),  so  Near(Z)  is  connected. 
Note  that  Near(Z)  may  be  infinite,  so  there  may  be  infinitely  many  points  z  in  fl(Z)  and  q  in 
Near(Z)  such  that  d(qyz)  =  CUarance(Z);  however,  the  difference  v^  =  z-q  is  unique  and 
nonzero,  and  indeed  coincides  with  P(Z)-p,  where  p  is  the  unique  point  in  ^i\^^  closest  to  P(Z). 
(The  vector  v^  actually  indicates  the  direction  in  which  the  ladder  should  be  translated  to  increase 
clearance  as  rapidly  as  possible).  For  any  t  in  R  (the  set  of  real  numbers),  define 

P,  =  P(Z)+tV2, 

and 

<|)(Z,r)  =  (P,.e(Z)). 

Note  that  if  s^  and  S2  arc  comers  and  Z  is  a  broadside  placement  in  A/(jj,J2)  (so  Near(Z)  is 
contained  in  a  side  of  R(Z)),  then  the  vector  v^  is  also  uniquely  defined,  and  the  tlow'  ^(Z,t)  may 
again  be  defined  unambiguously  as  above. 

The  following  somewhat  tedinical  lemma  is  based  on  a  simple  intuition.  Suppose  that  a 
placement  Z  is  in  FP~Vor^(0,).  Then  if  we  translate  the  ladder  away  from  the  closest  obstacle  as 
dictated  by  the  'flow'  (}>(Z,f),  the  ladder  will  recede  from  the  closest  obstacle  until  a  time  f.  is 
reached  at  which  the  ladder  attains  the  same  clearance  with  another  obstacle.  The  placement 
Zi  =  <t)(Z,ri)  must  be  in  Vor^(Ci),  and  Z^  is  a  placement  at  which  the  direction  of  maximally 
increasing  clearance  is  either  undefined  or  at  least  differs  from  v^.  To  show  this  we  shall  invoke 
the  following  simple  observation:  let  L  be  the  tangent  to  the  racetrack  R{Z)  containing  Near{Z), 
and  for  />-!  let  R,  be  the  racetrack  around  4)(Z,f)  tangent  to  L.  Qearly,  R,  3  R{^{Z,t)).  Then 
the  sets  R,  are  monotonically  inaeasing  with  respect  to  set-inclusion,  and  indeed  for  any  'times'  u 
and  V  such  that  -1<m<v,  any  point  in/?,~L  is  interior  XoR^.—L,  whereas /?^ni.=/?„nL. 
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Lcmina  2.3. 

(i)      For  every  placement  Zq  in  F/'~Vor^(n)  there  is  a  unique  real  number  f(Zo)>0  such  that 

(a)  For  every  f  in  the  interval  (-1,/(Zq)),  Near{^(ZQ,t))  =  Near(Zf^; 

(b)  <}»(Zo,f(Zo))€Vorj(n),  and  this  placement  has  locally  maximal  clearance  among  all 
placements  of  the  form  ^(ZqJ);  and 

(c)  //«ar(Zo)n^tfar((|)(Zo,r)=0  for  every  f>f(Zo). 

(ii)  The  same  results  hold  if  Zq  is  a  broadside  placement  in  M{si,s^  when  j,  are  both  comers, 
with  the  following  stronger  formulation  of  (U.b):  Near(<i>{ZQ,t{Z(^))  intersects  some  third 
object  J3  which  is  separated  from  s^  and  jj. 

Proof.  The  same  proof  holds  for  both  (i)  and  (ii),  so  we  shall  treat  them  simultaneously. 
Let  I  be  the  line  containing  Near{Z^  and  tangent  to  i?(Zo)  as  introduced  in  the  above  discussion, 
and  define  the  racetracks  /?,  as  above.  The  racetracks  R,  have  radius  (\-¥ t)Clearance{Z<^  and  they 
expand  in  the  manner  described  above.  Hence  (siiKC  n  is  bounded)  there  exists  a  'time'  r(ZQ)  such 
that  R,^2^  touches  dCt  at  some  point  ^  not  in  L,  but  contains  no  point  of  fy  in  its  interior. 
Qearly,  /?,nZ,  =  R{Z^r\L  for  all  f  >  -1;  thus  given  any  t  such  that  -\<t<t{Z^,  R,r\OP  Q  R,r\L 
=  R{Z^r[L,  and  hence  Near{^(ZQ,t))  =  Neca-{Z^,  proving  (a).  Qearly,  by  continuity, 
^ear((j)(Zo,f(Zo)))  2  Near{Z^,  but  q  must  be  in  a  different  connected  component  of 
Near{^{ZQ,t{Z^)),  and  hence  must  lie  in  some  object  J3  not  intersecting  Near(Z(^;  in  particular, 
the  placement  is  in  Vor^(il).  This  proves  (b).  Since  q  is  interior  to  /?,  for  all  f  >  t(Z^,  (c)  is 
immediate:  the  ladder  must  be  closer  to  q  than  to  Near(Z(^  for  all  such  values  of  t.   Q.E.D. 

Let  us  now  define  the  mi^  Int.  The  above  simple  lemma  has  covered  the  only  relevant 
tedinical  detail  in  analyzing  the  discontinuities  of  this  map. 

Definition.  Qven  a  placement  Z  in  FP,  if  Z^Vor^iil)  then 

7m(Z)  =  Z, 

otherwise 

ImiZ)  =  4>(Z,r(Z)), 

where  t(Z)  is  the  minimum  f>0  (identical  to  the  corresponding  number  in  Lemma  2.3)  such  that 
(j)(Z,r)  €  Vor^(n). 

Lenuna  2.4.  The  map  Im  is  continuous  on  FP'-Vor^(il).  The  only  discontinuities  possible 
for  this  map  are  where  a  sequence  Z„  converges  to  Zg  in  FP,  Zq  is  a  broadside  placement,  and  the 
sequence  Im(Z„)  converges  to  a  unique  placanent  Yq  of  the  form  ^(Zq,u)  for  some  u>0  and  the 
entire  set  {<})(Z,t)K)SfSM}  is  in  Vor^(Ci). 
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Proof.  Let  Y„  denote  Im(Z„).  By  passing  to  a  subsequence  if  necessary  we  may  assume  that 
Y„  converge  to  a  placement  ^o-  ^  infinitely  many  placements  Z„  are  in  Vor^{il)  then  Y„  =  Z„ 
infinitely  often,  so  Yq  =  Zq.  Since  Vor^(fl)  is  dosed  in  F/*,  Zq  is  in  Vor^(fi)  so  Zq  =  /m(Zc)  =  Yq. 
Thus  we  may  assume  that  all  but  finitely  many  placements  Z„,  and  hence,  without  loss  of 
generality,  all  placements  Z„,  are  in  FP~Vor^([l).  By  passing  to  a  further  subsequence  if 
necessary  we  can  choose,  for  each  n,  points  p„,  z„,  and  y„  in  Near(Z„),  B(Z„),  and  B(Y„) 
respectively,  converging  to  points  p^,  Zq,  and  >'o,  such  that  p„,  z„,  and  y„  are  collinear,  d{p„,z„)  = 
Clearance {Z„),  and  d(p„,y„)  =  Clearance (Y„).  By  continuity  we  know  that  these  relations  hold  in 
the  limit  as  well  (i.e.,  for  n  =  0). 

Again  by  continuity,  Clearance(Z(^sClearance(Y(^  so  Yq  is  m  FP  and  therefore  (since 
Vor^iCl)  is  dosed  in  FP)  in  Vor^ifl),  and  9(Zo)  =  6(l'o).  It  is  easy  to  verify  from  the  collinearity 
of  Pq,  Zq,  and  ^Q,  that  for  some  u^O  Yq  =  (P(Zq)+m(zo-;>q),9(Zq)).  If  u  =  0  then  Yq  =  Zq  = 
lm(Z(^  as  before.  Let  us  therefore  assume  that  u>0. 

Hrst  suppose  that  Zg  C  FP~Vor^(Cl).  Then  dearly  ^(Zq,u)  is  defined  and  equals  Yq.  Since 
Pq  €  Near{Y^r\Near(Zf^,  it  follows  from  Lemma  2.3  (ic)  that  u'^t{Z(^,  whereas,  since  t{Z(^  is  the 
smallest  t  such  that  (t>(Zo,r)  6  Vor^{Vi),  u  a  ^(Zq);  henoe  u  =  /(Zq)  and  Yq  =  Im(Z(^  again.  This 
shows  that  Im  is  continuous  on  FP'-Vorjip). 

Thus  we  need  only  consider  the  case  where  Zg  €  Vor^(n).  By  applying  the  methods  of 
Lemma  2.3  it  is  easy  to  show  that  Near(Z(^  must  be  contained  in  a  straight  line  L,  since  otherwise 
(since  u>0)  the  racetrack  aroimd  Yq  and  containing  Pq  would  contain  other  boundary  points  in  its 
interior.  Hence  Zq  must  be  a  broadside  placement;  thus,  again,  Yq  =  ^{Zq,u).  Since  Pq  € 
Near(Z()r\Near(Y(),  it  follows  from  Lemma  2.3  (iic)  that  uSf(Zo).  It  follows  (by  Lemma  2.3 
(iia))  that  {(i>(ZQ,t):  0<t<u}  is  a  path  connecting  Zq  to  Yq  and  lying  entirely  within  Vora(Cl). 

This  proves,  at  any  rate,  that  if  /m  is  discontinuous  at  Zq  then  the  latter  placement  is  a 
broadside  placement  and  for  any  limit  point  Yq  of  Im{Z„),  Zq  and  Yq  are  in  the  same  path- 
connected  component  of  Vor^{Vi).  It  is  worth  observing,  however,  that  there  is  only  one  such 
limiting  placement  Yq.  to  be  predse,  Kg  =  (})(Zo,f(Zg)).  (Recall  that  Yq  was  originally  chosen  by 
passing  to  a  subsequence.)  To  show  this  it  is  enough  to  assume  that  Zg  is  a  point  of  discontiuity 
and  show  that  u^t{Z^,  where  m  is  the  number  defining  Yq  in  terms  of  (J).  Note  in  this  case  that 
Near(Z()  =  JjUj2  consists  of  two  comers  (any  other  case  contradicts  the  assumption  of  general 
position).  Let  R  he  a  thickening  of  /?(Zg).  For  all  suffidently  large  n,  R{Z„)QR,  and 
Near(Z„)-Rr\Near{Y„);  therefore  (by  passing  to  a  subsequence  if  necessary)  there  exists  a 
sequence  of  points  q„  in  Near{Y„)'-R  converging  to  some  point  <7g.  By  continuity,  qQ  6 
Near{Y(^~R.    Thus  since  Yq  =  ^{Zq,u),  we  know  (by  Lemma  2.3,  (iia))  that  UQ^t{Z(^,  proving 
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the  assertion.  Q.E.D. 

Remark.  An  obvious  but  crudal  corollary  to  the  above  lemma  is  that  if  /m  is  discontinuous 
at  Zfl  then  there  are  only  two  limiting  placements  for  Im(Z)  near  Zq,  namely  Yq  and  Zq  itself,  and 
both  these  placements  are  in  the  same  path-connected  component  of  Vor^(il). 

Theorem  2.5  (the  'retraction  theorem.')  For  any  free  placement  Z,  Z  and  7m(Z)  are  in  the 
same  (path-connected)  component  of  FP.  Furthermore,  two  placements  Zq  and  Zj  are  in  the  same 
component  of  FP  if  and  only  if  Im(Z(^  and  Im(Z{)  are  in  the  same  component  of  Vor^^Cl). 

Proof.  If  Z  =^  Im(Z)  then  there  is  a  clearance-increasing  path  from  Z  to  Im(Z)  parametrized 
in  the  form  <i>(Z,t):  thus  Z  and  Im(Z)  are  in  the  same  path-connected  component  of  FP. 
Therefore,  if  Im(Zi)  are  in  the  same  path-connected  component  (i  =  0,1),  then  so  are  Z^. 

Given  a  path,  say  {Z,:  0  s  r  s  1}  from  Zq  to  Zj  in  FP,  we  may  by  an  argument  based  on 
Sard's  Lemma  (as  in  [SSI])  assume  that  the  path  intersects  Vor^{Cl)  only  finitely  often.  The  path 
Im(Z,)  is  continuous  except  perhaps  where  the  path  intersects  Vor^^D).  However,  by  the  remark 
foUowing  Lemma  2.4,  if  s  represents  a  point  of  discontinuity  so  Im(Zj)  ^  Im(Zj+),  say,  then  these 
two  placements  are  still  in  the  same  path-connected  component  of  Vor^(Cl).  Therefore  Im(Z()  and 
Im(Z{)  are  in  the  same  path-connected  component  of  Vor^(ft).  Q.E.D. 

The  above  proposition  shows  us  how  to  reduce  the  number  of  degrees  of  freedom  of  the 
movers'  problem  to  two.  Notice  that  given  a  plaoancnt  Z,  construction  of  Im(Z)  is  a  simple  task 
computationally  •  by  considering  each  comer  and  wall-segment  in  turn  one  can  compute  Near{Z) 
in  time  0{n),  and  it  then  becomes  a  simple  matter  to  compute  Im{Z)  in  time  0{n).  (Recall  that  n 

3.  Standard  parametrizatlons  of  a  sheeL 

Given  two  separated  objects  s-^  and  jj,  recall  that  an  (j,  ,j2)-sheet  is  the  closure  of  a  (path)- 
connected  component  of  M{s^,s-^,  where  the  midsurface  M{s-^,s-^  itself  consists  of  all  placements 
in  Vor^{£i)  near  to  jj  and  jj  but  to  no  other  object.  In  this  section  we  discuss  convenient  ways  of 
parametrizing  M{s-^  ,s-^  so  we  can  further  study  the  properties  of  sheets. 

At  this  point,  it  is  helpful  to  consider  what  further  analysis  needs  to  be  done.  It  is  necessary 
(i)  to  show  that  every  placement  in  Vot^{0)  lies  on  some  sheet;  (ii)  to  characterize  the  boimdary 
of  a  sheet,  analyzing  both  the  semifree  part  and  the  free  part;  and  (iii)  to  construct  a  1- 
dimensional  network  in  every  sheet  which  is  connected  and  which  contains  the  free  boundary  of  a 
sheet.  Notice  that  in  order  to  investigate  the  boundary  of  a  sheet  it  is  necessary  to  characterize  its 
interior  (relative  to  VorJJkl)).  It  is  not  even  certain  at  this  stage  that  the  interiors  of  two  sheets 
could  not  intersect.   (We  shall  see  that  this  cannot  happen.) 
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Definition.  Let  jj  and  jj  be  two  separated  objects.  First  we  change  the  coordinate  system,  if 
necessary,  so  that  they  are  in  the  following  standard  positions,  depending  on  their  type: 


.,v 


'^A 


v., 


[CqCasc 


[WW]  Case 


[WqCase 


Figure  9.  The  standard  positions 


[CC]  If  5i  and  j,  are  both  comers,  we  assume  that  the  axes  are  chosen  so  they  have  coordinates 
(0,h)  and  (0,-/»)  respectively.  In  other  words,  we  assume  they  are  on  the  y-axis  and  the 
X-axis  is  the  locus  of  points  equidistant  from  them. 

[WW]  If  jj  and  j,  are  both  walls,  for  i  =  1,2  let  H,  be  the  dosed  half -plane  whose  boundary 
contains  j,  and  such  that  near  s,,  //,  and  fl  are  on  the  same  side  of  j,.  These  two  half- 
planes  must  intersect  (by  general  position)  in  a  "wedge*  J.  We  orient  the  coordinate 
system  so  that  the  apex  of  the  wedge  7  is  at  the  origin,  and  the  x-axis  bisects  the  wedge, 
forming  angles  ±4)  (0  <  4)  <  v/2)  with  the  two  rays  bounding  the  wedge,  and  so  that  s^ 
(respectively,  s-^  intersects  the  ray  extending  at  angle  4)  (respectively,  -4))  from  the 
origin.  Here  the  positive  x-axis  is  the  locus  of  points  equidistant  from  the  rays  bounding 
the  wedge.  Note  that  for  the  ladder  to  be  equidistant  from  s^  and  jj  it  is  necessary  tliat  it 
be  contained  in  the  wedge  J. 

[WC]  In  the  third  case  we  assume  that  jj  is  a  wall  lying  along  the  x-axis  and  s^  =  {(0,h)}  is  a 
comer  placed  on  the  positive  y-axis.  In  this  case  the  locus  of  points  cqiudistant  from  s.  and 
the  X-axis  is  a  parabola  with  s^  as  focus  and  the  x-axis  as  directrix.  Note  that  for  the 
ladder  to  be  equidistant  from  s^  and  ^2  it  is  necessary  that  it  be  contained  in  the  half-plane 

We  call  the  rays  boimding  the  wedge  y  in  the  [WW]  case  and  the  x-axis  in  the  [WC]  case 
extended  walls.    Now  we  define  the  virtual  midsurface  VA/(ji,Ji)  as  the  set  of  placements  in  which 
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the  ladder  is  equidistant  from  the  comers  [CC],  or  the  two  rays  enclosing  the  walls  [WW],  or  the 
comer  and  the  x-axis  [WC].  In  this  definition  all  objects  apart  from  s^  and  ^2  are  ignored,  and  we 
allow  placements  in  which  the  ladder  touches  the  comers  or  extended  walls.  Qearly  in  each  case 
VM(s^,s^  strictly  includes  M(si,s^,  and  indeed  contains  placements  outside  SFP.  Also  in  the 
[WW]  case,  VM{s^,S2)  includes  those  placements  of  the  ladder  in  the  wedge  where  one  end  touches 
the  origin.  Again,  we  single  out  as  a  special  case  the  broadside  placements  in  the  [CC]  case  - 
those  placements  in  which  the  ladder  is  vertical. 

Lemnui  3.1  Except  for  broadside  placements  in  the  comer-comer  case,  VM{s-^^,s-;^  is 
(continuously)  parametrized  by  (x,Q);  the  sets  of  broadside  placements  for  each  of  the  two  angles 
±1/217  are  parametrized  by  (xj-). 

Proof.  A  simple  case  analysis  • 

The  above-mentioned  parametrizations  are  inconvenient  when  j,  are  both  comers,  since  in 
this  case  the  domain  of  definition  of  parametrization  for  the  broadside  placements  is  not  open  in 
VM(s^,S2).  As  it  happens,  however,  both  parametrizations  usually  Vork'  in  the  sense  that  the 
mappings  {x,y,Q)-(xj)  and  (x^,Q)-'(x,Q)  are  local  homeomorphisms.  The  parametrizations 
generally  fail  where  they  are  not  surjective  or  not  injective  as  functions  (for  example,  the  mapping 
(x^,Q)^(x,d)  is  not  surjective  near  broadside  placements).  The  following  lemma  explains  roughly 
why  this  is  so. 

Lemma  3.2.  Let  Zg  be  a  placement  in  Vor^([l).  If  there  exists  an  open  neighborhood  U  of 
Zq  in  FP  of  the  form  (xi^2)'^(y^^-^x(Q^,Q^,  written  Vx0,  such  that  for  every  (x^)  in  V  there 
exists  a  unique  9  in  0  such  that  (x^,Q)  i  Vor^(Cl),  then  (x^)  parametrizes  Ur\Vor^(Ci.).  If  for 
every  (j:,e)  in  (x^,x-^xQ  there  exists  a  unique  y  in  (yiO'2)  such  that  (xj,e)  €  Vor^{[l)  then  (jc,9) 
parametrizes  Ur\Vor^([i). 

Proof.  To  prove  the  first  part,  it  is  enough  to  show  that  the  mapping  (xj')-(jrj',e)  is 
continuous,  and  this  follows  easily  from  the  fact  that  Vor^([l)  is  closed  in  FP.  The  second 
observation  is  essentially  the  same.  • 

Corollary  to  Lemma  3.1.  Suppose  that  jj  and  jj  are  both  comers,  and  Zq  €  VA/(ji,J2)  is  a 
free  (virtual)  broadside  placement  which  is  extrwnal  in  the  sense  that  one  of  the  comers  is  closest 
to  an  endpoint  of  the  ladder.  Then  the  (xj)  parametrization  of  the  set  of  broadside  placements  in 
VM(jj,j2)  can  be  extended  to  include  an  open  neighorhood  of  Zq. 
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Figure  10.  Pararaetrization  about  Zq 


Proof.  Without  loss  of  generality  (choosing  the  standard  coordinate-system),  Zq  = 
(xQ,-h,v/2)  where  xq>0  (in  other  words,  we  assume  that  the  ladder  lies  east  of  the  y-axis  with  its 
F-cnd  closest  to  the  lower  comer  s^.  Note  (by  general  position)  that  s^  must  be  closest  to  the 
interior  of  the  ladder.  Write /(Z)  for  sep(s■^,B(Z))-sep(s2,B(Z)).  It  is  easy  to  show  that  for  a 
sufficiently  small  neighborhood  U  of  Zq  of  the  form  (x'^,x-^x(y^^^x(9^,Q^,  for  every  point  (x^) 
in  (xi;c2)x(yi,^2).  /(•^O'.Qi)  >  0.  fi^^yfid  <  0.  and  f(xjfi)  has  at  most  one  (and  hence  exactly 
one)  zero  for  9  in  (9i,02).  Snce  /  is  dearly  continuous  and  its  zeroes  define  VM(s-,s-,J,  the 
corollary  holds.   Q.E.D. 

We  have  now  established  convenient  parametrizations  -  i.e.,  co-ordinate  systems  —  for 
VM{s■^,S2)  in  all  possible  cases.  Given  an  orientation  9  (excluding  orientations  corresponding  to 
broadside  placements),  the  virtual  Q-streamline  consists  of  all  placements  (xj,9)  within  VM(s^,S2)- 
Thus  each  virtual  9-streamline  is  continuously  parametrized  by  the  x-coordinate.  Similarly  one 
speaks  of  virtual  >'-streamlines  in  the  context  of  broadside  placements:  again  these  are  continuously 
parametrized  by  a: -coordinate.  A  virtual  streamline  can  therefore  be  regarded  as  a  parametrized 
family  of  placements  Z,  where  x  range  over  the  real  numbers.  The  concept  of  virtual  streamline 
will  help  us  in  analyzing  the  topology  of  an  (ji,j2)-sheet  K. 

Deflnitloii.  An  (s^jS^-streamline  is  the  intersection  of  a  virtual  streamline  with  some  (5,Ji)- 
sheet  K. 

The  most  significant  fact  about  streamlines  is  that  they  are  connected.  (Qjnnectivity  of 
virtual  streamlines  is  obvious.)  This  crucial  property  will  be  proved  in  a  later  section.  The 
argument  will  generally  be  along  the  following  lines:  if  we  move  along  a  virtual  streamline  past 
some  point  in  dK,  the  ladder  will  move  strictly  closer  to  some  other  object  in  S.   This  is  the  spirit 
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of  the  argument,  but  the  precise  details  are  much  more  complex  (except  for  broadside  placements 
in  the  [CC]  case,  where  the  proof  is  not  very  different  from  arguments  in  Section  2). 

We  begin  by  associating  with  placements  Z  of  the  ladder  in  VM(s^,S2)  certain  sets  of  points 
which  grow  in  a  certain  way  as  Z  moves  along  a  virtual  streamline. 

Definition.  Let  X,  he  a  family  of  subsets  of  the  plane  £2  parametrized  by  a  real  parameter  t. 
We  say  that  the  family  is  expanding  if  given  u  <  v  for  which  X^  and  X^  are  defined, 

and  say  the  expansion  is  strict  except  on  some  set  K  if 

where  W°  denotes  the  interior  of  a  set  W.  Similarly,  we  speak  of  the  family  as  contracting 
(respectively,  strictly  contracting)  with  the  obvious  meaning.  In  the  next  set  of  definitions,  when 
we  speak  of  'clearance'  and  'racetrack',  we  mean  'virtual  clearance'  and  'virtual  racetrack'  in  the 
sense  that  if  s^  (resp.  53)  is  a  wall,  then  the  (virtual)  clearance  is  defined  as  the  distance  of  B(Z) 
from  the  extended  wall  (the  infinite  line  containing  it),  and  all  other  objects  are  ignored. 

Definitions.  Let  Z  be  a  placement  in  VM(s^,S2).  We  associate  two  or  three  planar  sets  with  Z 
depending  on  the  case  being  considered. 

[CC]  Define  r(Z)  (respectively,  2(Z))  to  be  the  intersection  of  the  (virtual)  Z-racetrack  with  the 
half-plane  x2:0  (respectively,  jsO).  Thus/?(Z)  =  2(Z)  U  r(Z). 

[WW]  Recall  that  the  ladder  must  be  in  a  dosed  wedge  J  bounded  by  two  rays  emanating  from 
the  origin.  If  in  placement  Z  one  end  of  the  ladder  touches  the  apex,  define  r{Z)  =  B(Z)  and 
2(Z)  =  y.  Otherwise,  J--R(Z)  has  two  connected  components  E{Z)  and  W(Z)  consisting  of  points 
east  (respectively,  west)  of  the  racetrack  R(Z).  Define  r(Z)  =  lV(Z)Ui?(Z),  2(Z)  =  £(Z)U/?(Z). 
Note  that  r(Z)  is  bounded  and  Z(Z)  is  unbounded,  and  the  virtual  Z-racetrack  is 
R(Z)  =  2(Z)  n  r(z). 

[WC]  Let  y4  be  the  infinite  strip  OsysA  where  s^  =  {(0,A)}.  For  any  placement  Z  in  VM(si,s-^ 
A~R(Z)  has  two  connected  components  £(Z)  and  W(Z).  Define  r(Z)  and  2(Z)  as 
W{Z)\J(AnR(Z))  (respectively,  £(Z)U(An/?(Z))),  and  define  A(Z)  as  the  intersection  of  R(Z) 
with  the  half-plane  >a;/i.  Thus  R(Z)  =  (2(Z)  n  r(Z))  U  A(Z). 

The  significant  properties  of  these  sets  is  that  r(Zj  is  an  expanding  family  and  2(ZJ  a 
contracting  family  as  Z^  moves  eastward  along  a  streamline.  The  behaviorof  A(Z)  is  unimodal:  to 
see  this,  suppose  s^  is  a  comer  and  ^2  a  wall;  given  a  fixed  orientation  6,  if  9  is  not  horizontal 
(i.e.,  9  =^  0  or  it),  then  there  is  a  unique  placement  Z,  in  the  virtual  9-strearaline  at  which  the 

(virtual)  clearance  is  minimal  (perhaps  zero).  Say  a  placement  Z,  is  west  (respectively,  east)  of  jj 
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if  jc  s  jq  (respectively,  j:  2:  jq).  The  following  lemma  summarizes  the  growth  prof)erties  of  the 
sets  r(Z),  2(Z),  and  A(Z).  The  proof  of  the  lemma  depends  on  a  lengthy  and  tedious  but  simple 
geometric  analysis  and  will  be  deferred  to  an  appendix. 

Lemma  3.3  (the  'monotonidty  lemma.')  The  growth  properties  of  the  sets  defined  above,  as 
Z  =  Z^  moves  along  a  streamline  parametrized  by  the  j: -coordinate  (so  x  is  inaeasing),  are,  case 
by  case,  as  follows: 

]S^C\  The  sets  r(Z)  are  expanding  and  the  sets  2(Z)  are  contracting.  The  expansion  is  strict  except 
where  the  racetrack  intersects  the  y-axis,  and  on  a  side  of  the  racetrack  if  that  side  touches  one  of 
the  comers. 

[WW]  The  sets  r(Z)  are  expanding  and  the  sets  2(Z)  are  contracting.  The  expansion  (contraction) 
is  strict  except  on  the  boundary  of  the  wedge  J. 

[WC]  The  sets  r(Z)  are  expanding  and  the  sets  2(Z)  are  contracting.  The  expansion  (contraction) 
is  strict  except  on  the  boundary  of  the  strip  A  and  on  a  side  of  the  racetrack  if  that  side  touches  j, . 
The  sets  A(Z,)  are  contracting  when  Z,  is  west  of  s^  and  expanding  with  Z,  is  east  of  i,;  in  the 
case  where  9  is  horizontal  and  jj  is  closest  to  the  interior  of  the  ladder  (so  when 
9  =  0,  -d  <  X  <  0,  and  when  9  =  it,  0  <  x  <  <0.  ^(^J  =  ^^^^"^{^^^  1^=  contraction 
(expansion)  is  strict  except  on  the  line  y-h  and  on  a  side  of  the  racetrack  if  that  side  touches  s^. 
• 

The  above  lemma  will  prove  useful  in  relating  facts  about  the  local  behavior  of  the  racetrack 
R(Z)  when  Z  is  in  an  (ji,j2)-sheet  K  to  the  'global'  behavior  in  VM(s^,S2).  We  have  already  seen 
such  observations  about  the  'virtual'  racetrack  in  the  discussions  of  Section  2.  A  more  intuitive 
version  of  the  monotonidty  lemma  may  be  expressed  in  a  'local'  form.  First  observe  that  under 
the  standard  parametrizations  when  Z  is  a  'virtually'  free  placement,  the  boundary  dR(Z)  of  the 
(virtual)  racetrack  is  separated  by  the  two  components  of  Near{Z)  into  well-defined  east  and  west 
segments. 

Lemma  3.4  (local  monotonidty  lemma).  Let  />  be  a  point  on  dR(Z^)—Near(ZJ  where  Z,  is 
the  standard  parametrization  (relative  to  jj  and  ^2)  of  ^^  virtual  (jj  ,j2)-streamline  containing  Z„ , 
where  the  virtual  dearance  of  Z.  is  nonzero.  If  p  touches  the  eastern  (respectively,  western) 
segment  of  the  boundary  of  R(Z)  then  for  all  v  suffidently  dose  to  u  and  greater  than 
(respectively,  less  than)  u,p  is  in  the  (virtual)  racetrack  R(Z^).  Furthermore,  p  is  interior  to  R{Z^.) 
unless  it  touches  a  side  of  the  racetrack  containing  a  component  of  Near{Z^). 

Proof.  A  detailed  analysis  of  the  statement  and  proof  of  Lemma  3.3^  will  show  that  the  local 
monotonidty  properties  follow  from  that  lemma.  • 
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Finally,  we  state  a  basic  result  regarding  the  2,  T  and  A  sets. 

Lemina  3.5  The  families  2,  T,  and  A  are  continuously  parametrized  by  Z. 

The  proof  is  similar  to  that  for  Lemma  2.1  and  will  be  omitted.  Note  that  continuity  holds 
even  near  placements  where  the  virtual  clearance  is  zero, 

4.  Sheets:  their  Interiors  and  their  boundaries. 

Recall  that  a  sheet  is  defined  as  the  closure  (including  semifree  placements)  of  a  connected 
component  of  M{s^,s-^  for  some  separated  objects  jj  and  $2,  and  furthermore  that  without  the 
assumptions  of  general  position  that  there  might  be  placements  in  Vor^iCL)  not  on  any  sheet.  In 
this  section  we  show  that  this  anomaly  will  be  excluded  by  the  assumption  of  general  position. 
We  shall  also  characterize  the  interior  and  boimdary  of  a  sheet.  We  shall  begin  by  classifying  the 
interior  and  boundary  of  M{S'^,s-^  relative  to  Vorjfl).  This  presents  some  difficulties  at 
placements  where  the  ladder  is  near  to  a  wall  and  an  incident  comer;  therefore  such  placements 
need  to  be  considered  separately. 

Definition.  Let  ^2  and  s-^  be,  respectively,  a  comer  and  an  incident  wall.  A  placement  Z  in 
SFP  is  marginal  with  respect  to  jj  and  s-^  if  either  (i)  /?(Z)  intersects  both  ^2  a^d  jj  or  (ii)  Z  is 
free,  R{Z)  touches  ^2.  and  the  line  joining  J2  to  the  closest  point  on  the  ladder  is  normal  to  jj,  or 
(iii)  Z  is  nonfree,  one  end  of  the  ladder  touches  jj.  and  the  angle  between  the  ladder  and  s-^ 
(measured  from  Inside  fl)  is  s  17. 


'^^^^^^^         , 


Case(ii) 


Case  (iii) 


Case  (i) 


Figure  11.  Marginal  placements 
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When  a  margina]  placement  Z  is  in  Vor^(il)  (so  Near(Z)  intersects  separated  objects  s^  and  j,  but 
is  marginal,  say,  with  respect  to  J2  and  an  incident  wall  jj),  tlien  we  shall  see  that  2  is  a  placement 
common  to  two  or  more  sheets.  It  is  not  difficult  to  show  that  the  set  of  marginal  placements  is 
dosed  in  FP  (one  merely  shows  that  its  complement  is  open).  By  definition,  if  s^  and  jj  are  both 
walls  then  M(s^,S2)  cannot  contain  any  marginal  placement,  but  they  can  exist  in  the  other  cases. 

Lemma  4.1.  Given  two  separated  objects  s^  and  Ji.  ^^  set  of  all  non-marginal  placements 
in  A/(ji,j2)  is  locally  path-connected  and  open  in  Vor^(Cl). 

Proof.  Let  Zq  be  a  non-marginal  placement  in  M(si,S2)-  It  is  enough  to  show  that  there 
exists  an  open  neighborhood  C/  of  Zg  in  FP  such  that  every  placement  in  (/  is  non-marginal,  and 
that  unVor^(il)  is  a  path-connected  subset  of  M(s^,S'^.  Let  /?  be  a  thickening  of  /?(Zc);  thus 
/jnfK  has  two  convex  components  C,  each  intersecting  s,  (i  =  1,2).  Let  W  be  a  neighborhood  of 
Zq  with  the  property  that  for  every  placement  Z  in  W  (i)  Z  is  free;  (ii)  R(Z)QR  (corollary  to 
Lemma  2.1);  (iii)  Z  is  not  marginal  (this  imposes  achievable  constraints  on  the  orientation  of  Z 
and  the  position  of  P(Z));  and  (iv)  the  set  of  points  in  C,  closest  to  B(Z)  is  contained  in  s,  (this  is 
achievable  since  either  s,  is  a  wall  containing  QOdft  or  jj  is  a  comer,  closest  to  a  unique  point  q 
on  B(Z),  and  the  angles  formed  by  qs,  with  the  incident  walls  are  both  greater  than  l/2"ir). 
Qearly,  it  follows  that  W  intersects  Vor^(Cl)  only  in  non-marginal  placements  in  M(si,s-;).  Hence  it 
only  remains  to  find  an  open  subset  U  oi  W  sudi  that  U  contains  Zq  and  ur\Vor^(Ci)  is  path- 
connected.  Note  that  WnVor^([l)QM(s^,s-2)QVM(s^,S2)  so  it  is  enough  to  ensure  that 
UnVM(s^,S2)  is  (path)-connected.  Consider  neighborhoods  U  of  Zq  having  the  form 
ix:^^-^x(y^,y2)x(Q^,Q^  and  contained  in  W.  Referring  to  Lemma  3.2,  if  we  can  ensure  that  either 
the  (x,9)-  or  the  (xj')-parametrization  is  defined  on  U  then  we  shall  be  finished,  since  such  a 
parametrization  establishes  a  horaeomorphism  of  UdVor^^Q,)  with  a  set  which  is  obviously  path- 
connected.  Qearly,  if  Zq  is  not  a  broadside  placement  then  we  can  assume  the  same  holds  for  all 
placements  in  U  and  hence  the  (j:,9)-parametrization  is  valid  for  Ur\VM(s^,Sn).  Fmally,  when  Zq 
is  a  broadside  placement  the  (x,^) -parametrization  is  valid  if  U  is  sufficiently  small  (Lemma  3.2, 
corollary).   Q.E.D. 

Next  we  demonstrate  the  (seemingly  obvious)  fact  that  if  in  a  free  placement  Z  the  racetrack 
touches  more  than  two  separated  objects  then  it  cannot  be  interior  to  any  sheet. 

Lemma  4.2.    Let  Z  be  a  free  non-marginal  placement  in  which  the  racetrack  intersects  three 
or  four  objects  s,.    Let  (1^,3 2)  be  any  pair  of  these  three  or  four  objects  where  s.  and  ji  arc 
adjacent  in  cyclic  order  around  the  racetrack.   Then 
(i)      every  neighborhood  L'  of  Z  intersects  the  interior  of  A/(ji,J2); 
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(ii)    Z  is  in  an  (ji,j2)-sheet; 

(iii)    Z  is  not  in  the  interior  of  any  sheet. 

Proof.  Fix  an  open  neighborhood  U  of  Z  in  FP.  Without  loss  of  generality  we  may  assume 
that  there  are  four  objects  touching  the  racetrack,  and  that  (with  respect  to  the  standard 
coordinate  system  for  VM(s^,s^)  the  other  two  objects  touch  the  eastern  segment  of 
dR(Z)~(s^Lis2),  in  the  notation  of  Lemma  3.4  (the  local  monotonidty  lemma).  Thus  the  western 
segment  does  not  touch  any  object,  and  it  is  clear  that  this  holds  true  for  all  placements  west  of  Z 
and  sufficiently  close  to  it  on  the  same  virtual  streamline  in  VM{s^,s^.  Thus  there  exists  a  path 
{Z,:  ti[a,b]},  where  Z  =  Z,,,  consisting  of  non-marginal  placements  west  of  Z  b  this  virtual 
streamline  and  in  which  the  western  segment  of  dR(Z,)  does  not  intersect  dil.  We  may  assume 
that  this  path  of  placements  is  inside  the  open  set  U.  By  Lemma  3.4,  if  the  interval  [a,b]  is 
sufficiently  small,  then  either  (a)  for  all  r  in  [a,b)  the  eastern  segment  of  dR(Z,)  does  not  toucli 
dil  or  (b)  one  of  the  two  obstacles  under  consideration,  s^  say,  is  a  comer,  the  placement  Z  is  a 
broadside  placement  with  respect  to  s-^  and  some  comer  ^3  distinct  from  S2,  and  Near{Z,)  intersects 
J3  for  all  f  in  {a,b]  (note  that,  assuming  the  interval  [a,b\  is  sufficiently  small,  the  assumption  of 
general  position  eliminates  the  possibility  that  /?(Z,)  could  intersect  all  four  objects  when  a^t<b). 

In  case  (a)  every  placement  Z,  is  in  M{si,s-^,  and  indeed  the  path  Z,  consists  of  placements 
all  in  the  same  path  component  of  the  interior  of  M{s-^,s-^:  in  this  case,  (i)  and  (ii)  follow,  since  Z 
must  be  in  the  closure  of  the  interior  of  a  connected  component  of  M{si,s-^. 

In  case  (ft)  we  must  be  more  careful.  Observe  first  that  Z  cannot  be  a  broadside  placement 
with  respect  to  s^  and  ^2-  Let  ^  be  a  thickening  of  /f  (Z)  and  let  C  be  the  component  of  RHCf 
intersecting  the  fourth  object  that  intersects  Near(Z).  Without  loss  of  generality,  a  may  be  fixed 
so  that  R(Z,)  is  interior  to  R  for  each  t  in  [a,b],  and  only  touches  C  for  t=b.  Fix  any  b'  in  (a,6). 
Since  R(Z)  is  continuous  in  Z,  for  every  t  in  [a,b']  there  exists  an  open  neighborhood  V  of  Z,  in 
VM(ji,j2)  of  the  form  *((jCo»^i)^(8o>8i))>  where  <1>  is  the  canonical  (x,9)-parametrization  of 
VM(s^,s^,  such  that  V  is  contained  in  U  and  R(Z')QR'-C  for  every  placement  Z'  in  V. 
Furthermore,  within  these  sets  it  is  easy  to  show  that  a  placement  <I>(j:,e)  is  in  M(s^,s-^  if  and  only 
if  e<9(Z).  Since  [a,b']  is  compact,  we  can  cover  it  by  a  finite  set  of  such  open  sets,  and  hence 
(by  choosing  the  maxima  and  minima,  respectively,  of  the  different  bounds  6^  and  Sj  used  to 
define  sets  in  this  finite  cover),  we  deduce  that  there  exists  a  set  of  the  form  <P([a,b']x.(Q'Q,Q\)) 
contained  in  f/  and  such  that  A(b')  =  4)((a,Z>')x(9'o,e(Z)))  is  in  A/(ji,j-;).  Qearly,  A(b')  is  an 
open  path-connected  set  of  placements  in  M(s^,s^,  and  it  intersects  U.  Thus,  (i)  follows.  To  show 
(ii),  observe  that  all  the  sets  A(b')  intersect  pairwise,  so  they  belong  to  the  same  path-connected 
component  of  ^f(sl,s■^•,  since  Z  is  the  limit  of  such  placements  Z^  ,  and  each  Z^  is  in  the  closure  of 
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A(b'),  it  follows  that  Z  is  in  an  (si,S'^-sheet.  This  concludes  the  proof  of  (i)  and  (ii). 

Finally,  (iii)  is  relatively  trivial.  Every  neighborhood  U  oi  Z  intersects  the  interiors  of  four 
different  midsurfaces.  No  placement  interior  to  an  (ji,j2)-niidsurface  can  be  in  any  sheet  other 
than  an  (jj.jj) -sheet.  Hence  every  neighborhood  of  Z  intersects  at  least  four  distinct  sheets,  so  Z 
cannot  be  interior  to  a  sheet.   Q.E.D. 

Lemma  4.3.  Let  Z  be  a  marginal  free  placement  in  an  (5i,j2)-sheet  K.  Then  Z  is  not  in  the 
interior  of  K. 

Proof.  By  definition,  the  placement  Z  cannot  be  a  broadside  placement:  if  a  broadside 
placement  were  marginal  then  a  wall  incident  to  52,  say,  would  be  parallel  to  the  line  joining  jj 
and  ^2.  contradicting  the  principle  of  general  position.  Therefore  by  Lemma  l.l,  P{Z)  €  VorQ^il^) 
where  9  =  9(Z). 

We  may  suppose  without  loss  of  generality  that  the  placement  is  marginal  with  respect  to  a 
comer  j,  and  an  incident  wall  sy  (In  what  follows  the  proof  will  hold  good  for  Jn  and  s^  equally.) 
There  are  two  cases  to  consider:  (i)  where  Near(Z)  intersects  j,  but  not  s^,  and  (ii)  where  Near(Z) 
intersects  both  J2  and  sy 

(i)  Suppose  without  loss  of  generality  that  the  shortest  line  joining  B(Z)  to  ^2  'S  the  line 
segment  from  P(Z)  to  Jt  and  this  segment  is  normal  to  a  wall  Sj  incident  to  Si.  Note  that  J2  and 
J3  form  part  of  dCl^.  There  exist  objects  s  and  t  (which  could  be  the  same  and  equal  to  j,) 
forming  part  of  dCI^  such  that  P(Z)  is  eqxddistant  from  s,  t,  S2,  and  J3  (j  and  t  can  be  different 
when  Z  is  a  Voronoi  vertex;  we  have  not  assumed  that  Near(Z)  has  exactly  two  connected 
components;  either  R{Z)  could  touch  a  third  separated  object  or  the  placement  could  also  be 
marginal  with  respect  to  jj).  Here,  /'(Z)  is  a  vertex  of  the  augmented  standard  Voronoi  diagram 
(in  the  sense  of  Kirkpatrick,  see  section  1)  representing  a  point  in  VorQ{Cl^)  common  to  the 
closures  of  the  Voronoi  'cells'  V{s-^  and  V{s-^.  We  may  assume  that  it  is  incident  to  an  {s,s^y 
edge  e  and  a  (f  ,j3)-edge  /  of  VorQ(flg)  (in  the  sense  of  Kirkpatrick)  Again,  there  exists  an  object 
*'  in  S  determining  j  in  the  sense  that  j  is  a  subset  of  *'  or  j'  -  (dCos9,  dSinQ).  Similarly,  there 
is  an  f'  in  5  determining  t. 
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Legend: 

WW      or 
WW      n^ 


Figure  12.  Illustrating  case  (i)  with  f  =  jj,  say 


It  is  easy  to  see  that  for  points  p  close  to  P(Z)  in  e,  (p,6)  is  not  marginal  and  is  interior  to 
M(s2,s),  and  for  points  q  close  to  P{Z)  in  /,  (^,9)  is  not  marginal  and  is  interior  to  A/(j3,r). 
Hence,  as  in  the  previous  lemma,  the  placement  Z  is  in  the  common  boundary  of  two  (or  more) 
sheets  and  not  interior  to  any  sheet. 

(ii)  Here  the  treatment  is  slightly  different.  By  the  assumption  of  general  position,  the 
placement  cannot  be  a  broadside  placement  with  respect  to  any  of  the  objects  touching  R(Z).  Let 
J2  be  a  comer  and  suppose  that  the  wall  53  incident  at  J2  intersects  the  lower  side  of  R{Z)  to  the 
east  of  ji  (with  respect  to  the  standard  parametrization  of  VM(jj,J2))-  Let  j  be  the  first  object 
separated  from  ^2  ^^  dR(Z)  as  one  moves  clockwise  around  the  boundary  of  R(Z)  from  s^; 
similarly  t  is  the  first  object  (the  first  object  in  this  case  is  necessarily  separated)  at  dR{Z) 
anticlockwise  around  the  boundary  of  R(Z)  from  J2-  Note  that  possibly  s  and  t  are  equal  to  j^. 
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Figure  13.  Elustratrng  case  (ii) 


There  are  two  subcases  here:  (a)  where  the  other  end  s^  of  J3  is  closest  to  some  point  in  the 
interior  of  the  ladder,  and  (b)  where  it  isn't.  Case  (a)  is  essentially  the  same  as  when  j;  and  s^ 
are  separated,  so  the  placement  is  broadside  with  respect  to  these  comers,  and  we  may  regard  it  as 
having  been  covered  in  case  (b)  of  Lemma  4.2.  By  the  same  reasoning,  in  case  (b)  we  can  tell 
that  Z  is  in  the  boundary  of  an  (j,  j3)-sheet  and  also  in  the  boundary  of  an  (r,  j2)-sheet,  and  hence 
cannot  be  interior  to  any  sheet.   Q.E.D. 

Let  jj  and  J2  be  two  separated  objects,  and  AT  be  an  (ji,j2)-sheet.  In  general,  a  third  object  j, 
can  determine  part  of  the  free  boundary  of  AT  in  a  limited  number  of  ways.  In  general,  we  define 
the  midline  M(s^,S2,Sy)  as  the  set  of  all  placements  Z  in  SFP  such  that  either 

(a)  Near(Z)  intersects  all  three  objects  (whether  or  not  J3  is  separated  from  the  other  two 
objects),  or 

{b)  Near(Z)  intersects  two  of  the  objects  of  which  one  is  a  comer,  \p},  say,  the  third  object  is  a 
wall  incident  to  p,  and  the  shortest  line  joining  p  to  the  ladder  is  normal  to  that  wall  (ie.,  Z 
is  marginal). 

When  Z  is  a  nonfrec  placement,  condition  (b)  is  replaced  by  the  requirement  that  one  end  of  the 
ladder  should  touch  p.  The  following  list  dassifles  the  various  kinds  of  midline.  (In  the 
classification,  it  is  not  assumed  that  the  racetrack  touches  no  other  object.  The  notation  has  been 
chosen  for  mnemonic  purposes:  in  particular,  the  primed  letters  indicate  nonscparated  objects  of 
type  W  (wall)  or  C  (comer).) 
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[WWW]         The  Z-racetrack  touches  three  walls. 

[WWC]  The  Z-racetrack  touches  two  walls  and  a  separated  comer. 

[WW'C]  The  Z-racetrack  touches  a  wall  and  a  comer  separated  from  it,  and  tlie  shortest  line 
connecting  the  ladder  to  the  comer  is  normal  to  one  of  the  walls  incident  to  that 
comer. 

[WCC]  The  Z-racetrack  touches  a  wall  and  two  comers,  all  separated. 

[W'C'C]  The  Z-racetrack  touches  two  separated  comers,  and  the  shortest  line  connecting  the 
ladder  to  one  of  the  comers  is  normal  to  a  wall  incident  to  that  comer. 

[WCC]  The  Z-racetrack  touches  a  wall  and  two  comers  separated  from  the  wall  but  not  from 
one  another  (so  it  contains  the  wall  connecting  them). 

[CCC]  The  Z-racetrack  touches  three  separated  comers. 

[CC'C]  The  Z-racetrack  toudies  three  comers,  of  which  two  are  not  separated  (so  it  contains 
the  wall  connecting  them). 

It  is  a  straightforward  consequence  of  the  thick  walls'  assumption  that  no  semifree 
placement  can  be  interior  to  any  sheet;  the  proof  is  left  to  the  reader.  Bearing  this  in  mind,  the 
following  theorem  essentially  summarizes  the  analysis  of  this  section.  It  is  a  straightforward 
corollary  of  Lemmas  4.1,  4.2,  and  4.3. 

Theorem  4.4.  The  interior  of  every  (ji,J2)-sheet  K  coincides  with  its  intersection  with  the 
set  of  non-marginal  placements  in  M{s^,S2)\  distinct  sheets  can  intersect  only  along  their 
boundaries;  the  free  boundary  of  every  sheet  consist  of  placements  in  one  of  the  above  eight 
categories.   • 

In  every  placement  Z  in  VorJ^CL),  R{Z)  intersects  at  most  four  distinct  objects.  All  of  these 
cases  have  been  covered  in  this  section  (relying  somewhat  on  the  assumption  of  general  position 
and  thick  walls),  and  therefore  the  following  result  holds. 

Theorem  4.5.   Vor^{CL)  is  contained  in  the  union  of  its  sheets.   • 

Remark.  It  is  not  difficult  to  apply  the  methods  of  this  section  to  show  that  every  Voronoi 
vertex  is  common  to  a  bounded  number  of  sheets.  By  the  usual  considerations  of  algebraic 
geometry,  for  any  four  objects  j,  (in  general  position),  there  are  a  bounded  number  of  placements 
Z  in  which  the  ladder  is  equidistant  from  them.  Hence  there  are  0{n*)  Voronoi  vertices  and 
sheets,  where  n  =  |S|.  (A  more  careful  analysis  shows  the  sharper  estimate  Cl{n?)  and  0{r?\ogn); 
details  are  given  in  [OSY2]). 
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5.   Connectivity  of  streamlines. 

Recall  that  a  streamline  C  in  a  (jj,  j2)-sheet  K  is  defined  as  the  intersection  of  K  with  a 
virtual  streamline  X.  The  virtual  streamlines  partition  VAf(ji,  51)  into  disjoint  sets  homeoraorphic 
to  dosed  unbounded  intervals  of  real  numbers.  Since  K  is  compact,  so  is  C.  In  this  section  we 
show  that  (i)  C  must  be  homeomorphic  to  a  dosed  interval  [a,  i],  (ii)  the  intersection  C  of  C 
with  the  relative  interior  Af  of  AT  is  empty  or  horaeomorpliic  to  an  open  interval  (a' ,  b'),  and  (iii) 
a  =  a'  and  ft  =  fe'  for  all  but  finitely  many  'degenerate'  streamlines.  We  call  [a,  a']  and  [b' ,  b] 
the  east  and  west  ends  of  the  streamline  respectively  (in  what  follows,  the  'easterly'  direction 
means  the  direction  of  increasing  x  relative  to  the  standard  parametrization  of  VM(s.,  52))  If  C°  is 
empty  then  we  define  both  the  east  and  the  west  end  of  C  to  be  equal  to  C  itself. 

The  simple  prindple  underlying  our  somewhat  tedious  proofs  is  summarized  as  follows: 
Lemma  5.1.  Let  C  and  its  relative  interior  C°  be  as  discussed  above. 

(i)      If  for  any  placement  Z  in  C  ~  C,  either  C  contains  no  placements  west  of  Z  or  C  contains 
no  placements  east  of  Z,  then  C  is  connected. 

(ii)     If  for  every  (dosed)  subinterval  {Z,  :  r  6  [a,  b]}  of  C,  Mis^,  s^  contains  no  placements  east 
of  Z/,,  then  C  is  connected.  • 

Lemma  5.2.  Every  ^-streamline  in  a  sheet  AT  is  a  connected  interval  of  (broadside) 
placements  which  intersects  dK  only  at  its  endpoints. 

Proof.  Let  Z  lie  in  a  (jj,  j2)-sheet  K.  Since  it  is  a  broadside  placement  with  respect  to  the 
comers  j,,  it  cannot  be  a  marginal  placement  (defined  in  Section  4)  with  respect  to  those  comers 
(this  would  contradict  the  prindple  of  general  position).  First  suppose  that  Z  is  a  placement  that 
is  westernmost  in  its  interval  o(  K  n  X  where  X  is  the  virtual  (j^,  j2)-streamline  containing  Z.  It 
is  easy  to  see  that  if  Z  is  free  than  Z  is  near  a  third  object  s.  Furthermore,  for  all  Z'  on  the 
streamline  X  west  (resp.  east)  of  Z,  Z'  b  doscr  to  (rcsp.  farther  away  from)  s  than  to  (resp. 
from)  Sj.  The  result  then  follows  from  Lemma  5.1.  If  Z  is  not  free  then  the  ladder  touches  two 
comers,  which  by  convention  we  suppose  are  located  on  the  y-axis.  Since  the  two  comers  are  not 
at  distance  d  apart  (general  position),  at  least  one  of  these  comers  touches  the  interior  of  the 
ladder,  and  so  the  walls  inddent  to  that  comer  are  on  the  same  side  of  the  y-axis.  Suppose  that 
they  are  to  the  left  of  the  y-axis.  Then  for  every  placement  west  of  Z  on  the  virtual  y-streamline, 
the  virtual  Z-racctrack  intersects  the  interior  of  iY,  and  again  no  such  placement  can  be  in  AT. 
Q.E.D. 

The  situation  is  somewhat  more  complex  when  we  consider  6-streamlines  for  a  comer-comer 
sheet.  This  time  there  are  no  nonfrec  placements,  but  there  is  a  possibility  of  degeneracy  in  that 
streamlines  may  intersect  the  boundary  in  a  continuum  of  placements.    However,  the  east  and 
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west  ends  are  still  connected,  and  only  finitely  many  streamlines  are  degenerate  in  tliis  way. 

Lemma  5.3.  Let  AT  be  an  (ji,j2)-sheet  where  s^  and  jj  are  comers.  Then  every  9-streamline 
in  AT  is  connected  and  the  intersection  of  every  9-streamline  with  the  interior  of  AT  is  connected. 
With  finitely  many  exceptions,  dK  intersects  the  9-streamline  only  at  the  two  extremal  placements 
of  the  streamline. 

Proof.  Let  Zq  be  a  placement  in  X  H  dK  where  X  is  a  virtual  9-streamline;  note  that  Z^ 
must  be  a  free  placement.  Recall  that  according  to  the  analysis  in  Section  4  either  (i)  a  third  point 
p  in  fK  touches  the  Zg-racetrack  or  (ii)  Zg  is  marginal  in  K. 

In  case  (i)  suppose  w.l.o.g.  that  p  touches  r(Zo).  Hence  for  all  placements  Z'  east  of  Zq  in 
X,  we  have  p  in  r(Z')  and  hence  in  the  virtual  Zg-racetrack.  This  shows  that  no  placement  east  of 
Zg  in  X  can  be  interior  to  K  (nor  to  any  other  component  of  M{s^,  s-^).  Furthermore,  unless  p  is 
in  a  comer  touching  the  same  side  of  the  racetrack  as  one  of  the  other  comers,  no  placement  east 
of  Zq  in  X  can  be  in  the  closure  of  M^s^,  s^),  hence  no  such  placement  can  be  in  K.  Thus  Zg  is  the 
eastern  endpoint  of  dK  n  X  except  for  at  most  finitely  many  values  of  9,  and  the  set  of 
placements  Z'  east  of  Zg  in  X  does  not  intersect  the  interior  of  K. 

In  case  (ii)  a  wall  s^  incident  to  ^2  is  tangent  to  the  Zg-racetrack.  First  suppose  that  s^  is  not 
parallel  to  the  ladder,  so  s^  is  closest  to  one  of  the  ends  of  the  ladder,  Q,  say.  We  may  assume 
that  J3  extends  eastwards  from  the  >'-axis.  Then  for  all  placements  Z  east  of  Zg  in  X  which  are 
sufficiently  dose  to  Zg,  sep(s^,B(Z))  =  sep(s-^,  Q(Z)),  but  the  angle  s-^s^Q^Z)  is  acute,  so  jj 
intersects  the  interior  of  r(Z).  Thus  by  the  monotonicity  lemma  J3  intersects  the  interior  of  r(Z) 
for  every  Z  east  of  Zg  in  Jf  and  Zg  is  an  eastern  endpoint  of  the  interval  of  the  streamline 
containing  it.  Fmally,  Zg  may  be  a  marginal  placement  in  which  the  ladder  is  parallel  to  jj,  so  s^ 
lies  in  the  tangent  to  the  side  of  the  racetrack.  Assuming  again  that  J3  extends  eastwards  from  the 
>'-axis,  we  know  that  for  all  placements  Z  in  X  east  of  Zg  and  sufficiently  dose  to  it,  r(Z) 
intersects  sy  Hence  this  holds  for  all  placements  Z  east  of  Zg,  so  this  set  of  placements  cannot 
intersect  the  interior  of  K. 

Thus  we  have  shown  that  for  the  cases  considered  all  placements  Z  in  Jf  n  AT*  lie  to  the  west 
of  Zg;  the  other  cases  are  covered  by  symmetry,  ie.,  where  in  case  (i)  p  touches  2(Zg)  or  in  case 
(ii)  J3  extends  westwards  from  the  y-sods,  so  Lemma  5.1  implies  that  X  D  AT"  is  connected. 
Furthermore,  there  are  at  most  finitely  many  degenerate  streamlines.  Suppose  that  Zg  is  in  a 
degenerate  streamline,  with  K°  n  X  lying  to  the  west  of  Zg,  and  suppose  Zj  is  the  eastem  endpoint 
of  that  interval  of  K  n  X  containing  Zg.  Then  the  previous  discussion  shows  that  either  case  (i)  or 
case  (ii)  obtains;  in  case  (i)  the  point  p'  under  consideration  cannot  touch  a  side  of  R(Z^)  if  that 
side  touches  s^  or  S2  (by  general  position)  and  in  case  (ii)  either  the  ladder  is  not  parallel  to  the 
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wall  J3  under  consideration,  or  it  it,  and  the  closest  point  to  s^  on  B(Z^)  is  an  endpoint  of  the 
ladder.  Following  the  same  reasoning  as  before,  no  placement  east  of  Z,  in  J^  can  be  in  ^,  so  the 
entire  result  follows  from  Lemma  5.1.  Q.E.D. 

The  next  task  is  to  prove  a  similar  result  about  wall-wall  sheets.  In  this  case  (and  in  the 
wall/comer  case)  we  do  not  have  the  fact  that  R(Z)  =  r(Z)  U  2(Z),  so  the  argument  becomes 
more  delicate  at  one  point.   The  following  rather  simple  lemma  compensates  for  the  difficulty. 

Lemma  5.4.  Suppose  that  AT  is  an  {s^,s^-shect,  where  both  objects  are  walls,  and  p  is  a 
point  interior  to  the  complement  fK  of  CI.  Then  if  p€r(Zo)  (respectively,  2(Zc))  for  some  Z^'m  K 
then/7€r(Z)  (respectively,  1.(Z))  for  every  Z'mK. 

Proof.  We  shall  only  prove  this  for  the  sets  r(Z);  the  other  part  of  the  lemma  is  proved  in 
exactly  the  same  way.  We  shall  assume  that  the  result  is  not  true  and  obtain  a  contradiction: 
namely,  that  if  Zg  and  Z^  are  placements  in  VA/(jj,J2).  where  p^r{Z{),  and  {Z,  :  1  i  [0,  1]}  is  a 
continuous  path  in  VA/(ji,52)  connecting  these  placements,  then  for  some  placement  Z'  along  this 
path  the  Z' -racetrack  intersects  the  interior  of  Cf. 

The  point  p  must  of  course  be  interior  to  the  wedge  J  discussed  in  Section  3.  Choose  any  t 
less  than  d(p,r(Z{)),  and  such  that  the  dosed  disc  £),  of  radius  e  around  p  is  interior  to  the 
complement  iY  of  CI.  Note  (Lemma  3.5)  that  the  distance  d(p,r{Z,))  varies  continuously  with  r, 
and  is  zero  for  1  =  0.  Therefore  there  exists  some  placement  Z'  along  the  path  for  which 
d(p,r(Z'))  is  nonzero  but  less  than  c.  This  means  thatp^r(Z')  but  r(Z')  intersects  the  interior  of 
£),.  It  follows  easily  by  convexity  argimients  that  there  exists  some  point  common  to  the 
boundary  of  r(Z')  -  interior  to  the  wedge  J  —  and  the  interior  of  D,.  Qearly,  such  a  point  is  in 
the  virtual  Z'-racetrack  and  hence  Z'  caimot  be  in  the  closure  of  M(s,^,s^.  Q.E.D. 

Note:  the  placement  Z'  may  be  Virtually'  scmifree  in  VA/(ji,  jj),  in  which  case  the  ladder  B(Z') 
intersects  the  interior  of  Of;  Zq  and  Zj  need  not  be  free.  This  point  will  be  of  significance  when 
we  analyze  the  semifree  boundary  of  a  sheet  (Section  7) 

Learnia  5.5.  Let  AT  be  an  (ji,j2)-sheet  where  jj  and  S2  are  both  walls.  Then  every  streamline 
in  AT  is  connected  and  the  intersection  of  every  streamline  with  the  interior  of  AT  is  connected. 
dK  intersects  the  streamline  in  two  isolated  placements  at  each  end  of  the  streamline,  with  the 
exception  of  at  most  four  degenerate  orientations. 

Proof.  Let  C  be  a  9-strearaline  and  let  X  be  the  virtual  streamline  containing  it.  We  suppose 
that  the  objects  s^  and  jj  are  arranged  as  stipulated  in  Section  3.  First  note  that  the  streamline  can 
contain  at  most  one  nonfree  placement  and  dearly  such  a  placement  must  be  westernmost  in  C 
(indeed,  it  is  westernmost  in  X).  Next  let  us  consider  a  free  placement  Zq  in  XHdK  such  that 
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Near{Z^  has  two  connected  components:  this  corresponds  to  the  case  [WWC]  discussed  in  Section 
4.  Suppose  for  definiteness  that  Near(Z(^  intersects  the  east  endpoint  s^  of  jj-  Clearly,  for  all 
placements  Z  east  of  Zg  in  X,  Near(Z)  cannot  intersect  ^2  without  also  intersecting  s^,  so  no 
placement  east  of  Zq  is  interior  to  K.  Note  that  Zg  is  unique  in  this  case  unless  the  ladder  is 
parallel  to  jj  (which  happens  at  four  orientations).   (This  essentially  covers  the  case  [W^'C].) 

The  last  possibility  is  that  R{Z(^  intersects  another  point  ^  of  afl  in  the  interior  of  the  wedge 
J.  We  may  suppose  that  q  touches  r(Zo)  (the  case  for  2  is  the  same).  In  this  case  no  placement  Z 
east  of  Zq  in  X  can  be  in  /T:  for  suppose  that  Zj  is  a  placement  east  of  Zq  in  the  closure  of 
A/(ji  12)-  It  is  dear,  by  the  thick  walls  principle,  that  there  is  a  point  p  (dose  to  q)  in  the  interior 
of  nr  such  that  p  is  in  r(Z{)  but  not  in  r(ZQ).  Hence  by  Lemma  5.4,  Z  cannot  be  in  AT.  Q.E.D. 

Fmally,  we  consider  the  case  of  a  wall-comer  sheet.  The  property  stated  in  Lemma  5.4 
holds  in  this  case  too,  and  the  proof  is  the  same,  so  we  shall  just  state  the  result. 

L«nuna  5.6.  If  AT  is  an  (ji,j2)-sheet  and p  a  point  interior  to  the  complement  of  Cl,  where  ij 
is  a  comer  and  j,  a  wall,  and  for  some  placement  Zg  in  AT,  /?  €  r(Zo)  (respectively,  2(Zg)),  then 
for  all  placements  Z  in  K,p  C  r(Z)  (respectively,  2(Z)). 

Lemma  5.7.  Let  AT  be  an  (ji,j2)-sheet  where  Jj  is  a  comer  and  Ji  is  a  wall.  Then  every 
streamline  in  AT  is  connected  and  the  intersection  of  every  streamline  with  the  interior  of  AT  is 
connected.  With  finitely  many  exceptions,  dK  intersects  the  streamline  in  the  two  isolated 
placements  at  each  end  of  the  streamline. 

Proof.  Let  us  consider  a  placement  Zg  in  dKHX,  where  X  is  a  virtual  (jj,j2)-streamline. 
Suppose  first  that  Zg  is  in  AT  and  is  not  a  free  placement.  Thus  the  ladder  touches  both  objects. 
The  simplest  case  to  consider  is  where  jj  touches  the  ladder  at  a  point  mterior  to  the  ladder. 
Without  loss  of  generality  both  walls  iiKident  to  s^  extend  west  of  the  line  through  the  ladder 
(since  the  ladder  cannot  be  horizontal,  this  makes  sense).  It  is  dear,  therefore,  tliat  for  any 
placement  Z  in  .Y,  west  of  Zg  and  suffidently  dose  to  it,  B(Z)  and  hence  A(Z)  intersects  !>"  in  its 
interior.  Hence  since  A(Z)  expands  as  Z  moves  westward,  no  placement  whatsoever  west  of  Zg  in 
X  can  be  in  AT.  Next  it  is  possible  that  s^  touch  an  endpoint  of  the  ladder.  Without  loss  of 
generality,  at  least  one  of  the  walls  s^  inddent  to  j^  extends  westward  from  the  line  through  the 
ladder,  and  Q  b  the  end  of  the  ladder  which  touches  s^.  As  Z  moves  westward  along  X,  Q  moves 
away  from  s-^  along  a  straight  line  at  angle  1/2(11+9)  where  9  is  the  orientation  determining  X.  U 
the  line  through  J3  meets  the  line  through  s^  at  a  point  west  of  P  then  the  ladder  transfixes  die 
wall  when  Z  is  dose  to  Zg  and  the  arguments  are  as  for  the  simplest  case.  Otherwise  Q  moves 
doser  to  this  wall  than  to  s^  and  Q  is  locaDy  the  point  on  the  ladder  dosest  to  this  wall,  and  again 
the  previous  arguments  involving  A(Z)  apply.    This  disposes  of  the  case  where  Zg  is  a  semifree 
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placement. 

Next  suppose  that  ZqCA/Cij,  s-^  but  is  a  marginal  placement.  Without  loss  of  generality,  Zq  is 
east  of  jj.  There  are  two  possibilities:  (a)  some  wall  jj  incident  to  jj  is  tangent  to  A(Zq)  and  (b) 
Zq  is  a  marginal  placement  with  respect  to  ^2  and  the  eastern  endpoint  of  j,-  First  consider  (a).  It 
follows  by  the  usual  arguments  that  for  placements  Z  in  X  dose  to  Zq  and  east  of  the  wall  either 
remains  tangent  to  (in  which  case  the  ladder  is  parallel  to  it)  or  penetrates  the  interior  of  A(Z). 
This  means  that  no  placement  in  X  east  of  Zq  and  close  to  it  is  interior  to  K,  and  the  growth 
property  of  A(Z)  makes  this  true  for  all  placements  in  X  east  of  Zq.  Case  (b)  is  easily  disposed  of 
as  in  the  wall-wall  case. 

Therefore  we  have  dealt  with  all  cases  where  the  ladder  is  in  3^  but  Near{Z(^  has  only  two 
components,  and  so  we  can  now  consider  the  case  where  some  point  p  mdil  touches  the  racetrack 
outside  JjUj2-  Without  loss  of  generality  either  (a)  the  point  p  is  above  the  line  y=h  and  the 
ladder  is  east  of  s■^  or  (b)  the  point  p  touches  the  racetrack  on  the  boundary  of  r(Zc).  In  either 
case  we  determine  that  no  placement  east  of  Zg  in  X  can  be  interior  to  K,  and  indeed  no 
placement  east  of  Zq  can  he  in  K  unless  {p}  and  s^  both  touch  the  same  side  of  the  racetrack.  In 
this  latter  case,  we  have  that  the  component  of  dK  n  X  that  contains  Zq  is  a  continuum  of 
placements.  Thenceforth  the  arguments  are  as  for  the  previous  lemmas.  Q.E.D. 

We  may  summarize  the  results  of  this  section  in  the  following  general  proposition,  which  is 
only  a  restatement  of  the  relevant  lemmas. 

Propositioii  5.8.  In  any  sheet  K,  every  streamline  is  connected  and  the  intersection  of  every 
streamline  with  the  interior  of  AT  is  connected.  The  intersection  of  every  streamline  with  dK 
consists  of  two  dosed  intervals,  called  the  east  and  west  ends  of  the  streamline,  and  these  intervals 
coindde  if  and  only  if  the  streamline  does  not  intersect  the  interior  of  the  sheet.  With  finitely 
many  exceptions,  each  end  of  the  streamline  is  a  singleton  set. 

6.  The  ends  of  a  sheet 

In  this  section  we  shall  define  the  ends  of  a  sheet  and  demonstrate  their  connectivity.  From 
there  it  is  not  difficult  to  define  the  semifree  skeleton  of  a  sheet  and  prove  that  it  is  connected. 

Definition.  The  east  (west)  end  of  a  sheet  K  is  the  union  of  the  east  (respectively,  west) 
ends  of  all  the  streamlines  in  K.  From  the  results  of  the  previous  section,  the  boundary  dK  of  K 
is  the  union  of  its  ends.  An  orientation  9  is  admissibU  (for  K)  if  there  exists  some  placement  in  K 
at  orientation  9.  In  general,  this  means  that  the  9-streamline  in  Jf  is  nonempty;  for  broadside 
placements  it  means  that  at  least  one  of  the  >> -streamlines  for  that  orientation  is  nonempty.  Q{K) 
denotes  the  set  of  orientations  admissible  for  K.  Being  the  continuous  image  of  a  compact 
connected  set  of  placements,  it  is  a  compact  connected  set  of  angles,  i.e.,  either  the  whole  range 
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of  S'  (the  unit  circle)  or  a  dosed  interval  [Onjn.^maJ- 

Notice  that  by  the  analysis  of  the  preceding  section,  for  only  finitely  many  orientations  9  in 
©(AT)  do  the  9-streamlines  intersect  the  east  or  west  end  of  the  sheet  in  more  than  one  placement 

—  in  wliich  case  that  intersection  is  a  connected  continuum  of  placements:  let  us  call  such 
orientations  degenerate  (we  exclude  broadside  orientations,  for  which  such  degeneracy  is 
impossible).  We  use  £(9),  E(y),  (respectively,  W(9),  W(y))  to  denote  the  easternmost 
(respectively,  westernmost)  placement  in  the  9-streamIine  (or  y-streamline).  Again,  we  use  EE{%) 
(^£(9))  to  denote  the  east  and  west  ends  of  the  9-streamline.  Thus  ££(9)  =  {£(9)},  and  W£(9) 

-  {^(9)}  for  ^  but  finitely  many  (non-broadside)  orientations  9  in  Q{K).  Also  write 

££(*)  =  \J{EE{if)  :<J)€<I>} 

for  any  <I>  Q  ©(AT),  and  define  W£(*)  similarly. 

Lemma  6.1.  Let  /  be  a  subset  of  ©(/T)  not  containing  any  broadside  orientations  nor  any 
degenerate  orientations.  Then  the  restrictions  of  the  functions  £(9)  and  W(9)  to  /  are  similarly 
homeomorphisms. 

Proof.  It  is  enough  to  prove  the  result  for  the  map  £,  since  the  treatment  of  the  other  case 
is  identical.  Let  9„  converge  to  9o  in  /.  By  passing  to  a  subsequence  if  necessary,  we  can  assume 
that  the  placements  £(9„)  converge  to  a  placement  Zq  in  SFP.  Qearly,  Zg  is  a  semifree  placement 
common  to  the  boundary  of  K  and  the  9o-streamline  in  K.  Since  the  9o  is  nondegenerate  and  not 
a  broadside  placement,  it  intersects  dK  in  one  or  two  placements:  it  intersects  SAT  in  one  placement 
only  when  the  streamline  consists  of  one  Voronot  vertex.  Hence,  if  Zq  =^  ^(9q)  then  Zg  =  W(9q); 
the  9o-streamline  intersects  the  interior  of  K,  so  there  is  an  open  set  V  in  AT,  of  the  form 
<I>((jri,j:2)x((})j,(|)2)),  say  (where  (p  is  the  standard  (x,9)-parametrization  of  the  sheet),  such  that  V 
intersects  the  9o-streamline,  so  the  x-coordinate  of  Zq  is  Xi  or  less.  However,  for  sufficiently  large 
n,  £(9„)  have  a: -coordinate  X2  or  more,  which  is  absurd.  Thus  the  maps  £  and  W  are  continuous 
on  /.  Since  the  projection  mapping  Z-9(Z)  commutes  with  both  £  and  W,  the  restrictions  of  the 
maps  to  /  are  homeomorphisms.  • 

In  a  comer-comer  sheet  K  the  set  of  broadside  placements  is  defined  by  one  or  two 
orientations  (depending  on  the  range  of  Q(JC)).  Thus  there  are  one  or  two  components  in  the  set, 
wiiich  we  shall  denote  7"^  and  /"  (corresponding  to  broadside  orientations  ±Tr/2).  Without  loss  of 
generality  we  may  concentrate  on  7*.  It  is  elanentary  to  show  that  J*  and  J~  are  path 
connected.  Let  Y^{K)  be  the  range  of  values  of  y  such  that  the  > -streamlines  in  7"^  are  nonempty. 
Since  it  is  the  continuous  image  of  a  compact  connected  set,  it  is  a  dosed  interval  of  real  numbers. 
No  y-streamline  can  intersect  dK  in  more  than  two  placements  (Lemma  5.1),  so  the  following 
lemma  may  be  proved  in  exactly  the  same  way  as  Lemma  6.1. 
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Lemma  6.2.  Given  7"^  and  Y'^(K)  as  above,  the  maps  £  and  W  are  homeoraorphisms 
between  Y*(K)  and  the  intersection  of  7*  with  the  east  (respectively,  west)  end  of  ^.   • 

Let  us  now  investigate  the  transition  between  broadside  and  non-broadside  placements  in  a 
comer-comer  sheet  K.  Qearly  Y*{K)  is  a  subinterval  oi[h-d,  -h]  where  h  is  the  distance  of  5, 
and  jj  froro  ^^  origin  of  the  standard  coordinate  system.  Suppose  Zq  is  a  free  broadside 
placement  at  the  east  end  of  the  (-l«)-streamline.  (So  Zq  =  (xq,  -h,  ti/2)  where  Xq  >  0,  since 
were  Xq  :s  0  it  would  equal  zero  and  since  Zg  is  easternmost,  Zq  would  not  be  free.)  Suppose  there 
exists  an  orientation  9o  <  it/2  such  that  [0o,Tr/2]  Q  Q(K).  Without  loss  of  generality  this  range 
does  not  include  any  degenerate  orientations,  so  the  map  f  is  a  homeomorphism  when  restricted 
to  [eo,TT/2)  (Lemma  6.1).  Let  Z  be  any  placement  interior  to  the  sheet  AT  and  in  the  same 
streamline  as  Zq.  Appealing  to  the  corollary  to  Lemma  3.2,  there  exists  a  neighborhood  U  of  Z  in 
Vor^(il)  on  which  the  (xo')-parametrization  is  valid;  we  can  assume  that  U  =  ■^'((x.,X2)x(y,  j;J) 
where  ^  is  the  (j,>')-parametrization.  Qearly,  '*I'((ji,X2)x(-Aj-2))  intersects  all  e-strearalines  for 
9  in  some  small  range  (9i,'ir/2).  Suppose  that  9„  is  a  sequence  converging  to  v/2  from  below,  and 
let  ^0  be  any  limit  point  of  £(9„).  By  definition,  for  all  sufficiently  large  n,  £:(9„)  have  x- 
coordinate  a  X2.  One  can  show  also  by  simple  geometric  considerations  (see,  for  instance,  the 
development  in  appendix  A),  that  the  ^-coordinates  of  placements  are  nondecreasing  along  a  9- 
streamline  if  0<9<t7/2. 


Figure  14. 

This  implies  that  £(9„)  have  y-coordinate  >  -A  for  all  sufficiently  large  n;  hence  Yq  has  y- 
coordinate  -h  (which  is  maximal  for  the  broadside  placements  at  orientation  it/?)  and  lies  on  the 
same  ^-streamline  as  Zq.  Since  it  has  x-coordinate  a  x;  and  is  in  dK  we  conclude  that  it  coincides 
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with  Zq.  Thus  Zq  is  the  unique  limiting  placement  for  £(11/2").  Similarly  if  the  (A -J) -streamline 
contains  placements  {x,h-d,t(/2)  with  j:>0  (implying  it  is  nonempty),  then  E{h-d)  is  the  unique 
limiting  placement  of  £(17/2"^).  Similar  results  apply  to  the  western  ends  of  the  sheet,  for  which 
the  requirement  is  that  the  sheet  admit  free  broadside  placements  with  the  ladder  in  the  negative 
half-plane  {j:<0}.  Let  us  summarize  as  follows. 

Lemma  6.3.  In  a  comer-comer  sheet  AT,  let  [60,61]  be  a  subinterval  of  Q{K)  containing  a 
broadside  orientation  but  no  degenerate  orientation.  If  the  east  end  of  the  sheet  contains  only 
free  placements,  then  the  set  of  placements  in  the  east  end  whose  orientation  lies  in  the  given 
range  is  homeomorphic  to  a  dosed  interval.  The  same  holds  for  the  west  end  of  the  sheet  if  it 
contains  only  free  placements. 

Proof.  For  simplicity  let  us  assume  that  the  given  range  only  includes  one  broadside 
orientation,  t7/2,  and  this  coincides  with  neither  Sg  nor  61  (it  is  trivial  to  enumerate  all  other 

possibilities).  Since  [6^,  y)  is  admissible  the  continuity  of  the  map  E  implies  E{^  )  exists  and 
hence  the  (-A)-streamline  is  non-empty.  Since  the  lemma  assumes  E{-h)  is  free,  the  preceding 
argument  shows  that  E{^  )  =  E{—h).   Similarly,  (y,  ej  is  admissible  implies  E{^  )  exists  and 

equals  E{h-d).  This  in  turn  implies  that  [-h,  h—d]  C  Y'*'{K)  and  hence  equals  it.  Then  we  may 
write  the  east  end  of  the  sheet  in  the  form  £([60,11/2))  U  E([h-d,-h])  U  £((it/2,6,]),  or 
*iU«2U«3  for  short.  Each  of  these  sets  is  the  homeomorphic  image  of  the  corresponding  half- 
open  or  dosed  interval,  they  are  disjoint,  e^  =  e^\JE(—h),  and  F3  =  e^UE(h—d);  the  result 
follows  immediately.   Q.E.D. 

On  the  other  hand,  if  Zg  is  a  semifree  placement  where  an  end  of  the  ladder  touches  one  of 
the  comers,  then  one  can  proceed  by  case  analysis:  there  are  essentially  three  cases  to  consider 
(see  the  figure  below). 
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Figiire  15.  Illustratmg  limiting  nonfree  broadside  placements 


In  case  {a),  all  four  walls  incident  to  the  two  comers  extend  to  the  same  side  (westwards,  say)  of 
the  >-axis;  in  case  {b),  the  pairs  of  incident  walls  extend  in  opposite  directions  from  the  ^-axis;  and 
in  case  (c)  three  of  the  four  walls  extend  in  the  same  direction  from  the  y-axis.  Any  other 
possibility  (except  what  would  result  from  reflecting  O  in  the  >-axis)  is  ruled  out  by  the 
assumptions  of  general  position  and  thick  walls.  Let  J3  be  the  wall  incident  to  .V;  extending 
westward  from  ii  ^nd  subtending  the  smaller  angle  with  the  positive  y-axis,  and  let  e  be  the 
normal  to  jj  through  s^  and  directed  into  fl.  For  the  three  given  paradigms  this  defines  e 
uniquely.  It  is  a  straightforward  exercise  in  geometry  to  show  that  for  all  points  /7  in  a  sufficiently 
small  initial  segment  of  e  there  exists  a  unique  placement  Z{p)  in  the  (j,,j;)-sheet  K  such  that 
P(Z(p))  -  p.  (Compare  this  with  the  corollary  to  Lemma  3.2.)  In  cases  (a)  and  (c)  these 
placements  Z(p)  have  orientation  less  than  tt/?  and  in  case  (b)  they  have  orientation  greater  than 
•ir/2.  Moreover,  it  is  easy  to  see  that  Z(p)  is  always  in  the  western  end  of  the  sheet;  placements 
further  west  than  Z(p)  in  the  same  virtual  streamline  relative  to  j.  and  Jt  are  strictly  closer  to  53 
than  Ji.  Thus  Zg  is  the  unique  limit  of  W(9„)  as  9„  converges  to  v/l  from  above  in  case  (b)  and 
from  below  in  the  other  two  cases. 

It  is  easy  to  show  in  case  (c)  above  that  Zq  is  also  the  limit  of  placements  in  the  eastern  end 
of  K,  it/2  is  an  upper  bound  to  Q(K),  and  Zq  b  the  unique  placement  in  the  sheet  at  orientation 
■n/2.  Let  Zj  =  (0,h-d,-n/2)  with  respect  to  the  standard  parametrization:  it  is  the  'lowest'  possible 
nonfree  placement.  By  the  same  reasoning  as  before,  in  case  (a)  Z,  is  the  unique  limit  of 
placements  W(9,)  as  9„  converges  to  tt/2  from  above;  in  case  {b),  v/2  is  a  lower  bound  to  0(A') 
and  Z]  is  the  unique  limit  of  placements  of  the  form  £(9,)  as  9„  converges  to  it/?  from  below.  We 
shall  have  occasion  to  discuss  these  cases  further  in  Section  7;  for  the  present  it  b  enough  to  note 
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that  the  case-analysis  allows  us  to  extend  Lemma  6.3  to  cover  the  case  of  semifree  limiting 
placements  (one  should  note  with  some  care  that  only  in  case  (a)  above  is  11/2  not  a  (lower  or 
upper)  bound  for  ©(AT),  so  the  following  lemma  is  carefully  worded).  Its  proof  is  identical  to  that 
of  Lemma  6.3. 

Lemma  6.4.  Let  K  be  a  comer-comer  sheet  and  suppose  that  [60,65]  is  a  subset  of  ©(AT), 
not  the  full  drde  of  angles,  containing  a  broadside  orientation  but  no  degenerate  orientation. 
Then  the  set  of  placements  whose  orientation  is  in  the  given  range  and  which  lie  in  the  east 
(respectively,  west)  end  of  K  is  homeomorphic  to  a  dosed  interval.  • 

We  shall  now  consider  the  behavior  of  the  fimctions  E  and  W  near  their  discontinuities  (note 
that  from  the  analysis  of  Section  5  there  can  be  only  finitely  many  such  discontinuities).  First 
define  an  extremal  streamline  in  a  sheet  AT  to  be  either  (i)  a  6-streamline  where  6  is  one  of  the 
bounds  of  ©(AT)  (implying  that  not  all  orientations  are  admissible  in  K,  and  also  that  6  is  not  a 
broadside  placement  in  the  comer-comer  case),  or  (ii)  a  ^-streamline  where  y  is  one  of  the  boundj 
of  the  set  Y*(K)  U  Y~(K)  parametrizing  the  broadside  placements  but  is  not  equal  to  -h  ox  h-d. 
It  is  very  easy  to  see  that  an  extremal  ^'-streamline  consists  of  exactly  one  nonfree  placement  Z  in 
which  the  ladder  touches  two  comers  and  is  'blocked*  by  having  a  wall  touch  one  of  its  ends  (see 
the  proof  of  Lemma  5.2). 

Lemma  6.5.  If  X  is  a  streamline  extremal  in  K  then  X  Q  dK. 

Proof.  Qearly  we  need  only  show  that  X  is  not  extremal  in  AT  if  it  intersects  the  interior  of 
AT.  Let  Z  be  a  placement  interior  to  AT  so  by  Theorem  4.4  it  is  free  and  non-marginal.  By  Lemmas 
3.1  and  3.2  and  their  corollaries  it  lies  in  a  set  of  the  form  <i>{(xi,x^x(9^,Q2))  or  of  the  form 
^{ix^,XT)y.(y^,y^)  where  <t>  and  ^  are  the  appropriate  parametrizations,  and  the  given  (open)  set 
lies  entirely  in  AT.  If  X  is  a  6-strearaline  then  8  C  (61,62)  whereas  if  it  is  a  ^-streamline  then  y  is 
interior  to  (y-i,y2);  therefore  X  cannot  be  an  extremal  streamline.   Q.E.D. 

Remark:  The  converse  to  Lemma  6.5  holds  also,  as  will  become  evident  from  the  case 
analysis  in  Lemma  6.7  next.  It  should  be  emphasized  that  the  above  lemma  shows  that  the 
streamline  at  an  extremal  orientation  coinddes  with  its  east,  as  well  as  west,  ends. 

Let  us  now  consider  a  degenerate  orientation  6  at  which  the  6-streamline  intersects  dK  in 
two  intervals  of  which  at  least  one  contains  an  infinite  continuum  of  placements. 

Lemma  6.6.  Given  an  (ji,j2)-sheet  K,  let  6  be  an  orientation  in  &{K)  such  that  ££(6) 
contains  more  than  one  placement,  and  suppose  that  it  lies  in  a  dosed  subinterval  [6c, 6,]  of  Q{K) 
which  contains  no  other  degenerate  orientation.  Then  the  set  ££([60,61])  is  homeomorphic  to  a 
dosed  interval  of  real  numbers.  Symmetric  results  hold  when  WE(6)  contains  more  than  one 
placement. 
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Proof.  Let  {Z,:  arst^b}  parametrize  EE(Q).  The  analysis  is  best  separated  into  several 
cases. 

Case  (a)  [WCC,  CCC]  One  of  the  objects,  j^,  say,  is  a  comer,  and  s,  and  another  separated 
comer  Sy  touch  a  side  of  the  Z, -racetrack  (in  the  eastem  segment  according  to  the  notation  of 
Lemma  3.4)  for  all  f  in  [a,b].  Let  us  first  assume  that  s,  and  jj  touch  the  westem  side  of  the 
racetrack.   (This  situation  can  happen  in  the  comer-comer  and  wall-comer  cases.) 

In  placement  Z^  either  (a.l)  s^  is  closest  to  an  end  of  the  ladder,  (a.2)  Z,  is  nonfree  or 
another  object  s^  touches  the  racetrack  (necessarily  in  tlie  westem  segment,  by  Lemma  3.4),  or 
(a.  3)  Z„  is  marginal  with  respect  to  jj- 


Case  (a.l) 


Case  (a.2) 


Case  (a.3) 


Figure  16.  Illustrating  placements  Z„ 


In  case  (a.l),  Z^  is  the  unique  limit  of  placements  of  the  form  £(9„)  as  9,  converges  to  6(Z„)  from 
above;  this  is  a  consequence  of  Lemma  6.3,  if  we  observe  that  Z^  is  a  limiting  broadside  placement 
in  M(s^,  jj,  J3)  and  the  east  end  of  the  adjacent  (j3,Ji)-sheet.  In  cases  (a.2)  and  (a.3),  Z^  =  W(e) 
and  9  is  maximal,  i.e.,  9  =  9;:  this  follows  from  the  analysis  of  Section  5,  and  it  would  be  tedious 
to  repeat  the  work. 

Now  let  us  consider  the  various  ways  in  which  Z^  can  be  extremal.  Either  (a.4)  one  end  of 
the  ladder  is  closest  to  jj,  or  (a.5)  the  racetrack  touches  another  object  s^,  necessarily  on  its 
eastern  segment,  or  (a. 6)  the  placement  Z^  is  marginal  with  respect  to  5;.  In  case  (a.4)  Z^  is  easily 
seen  to  be  the  unique  limit  of  placements  of  the  form  £(9„)  as  9,  converges  to  9  from  below.  In 
case  (a.4)  the  same  holds,  except  that  if  Z^  is  free  then  the  placements  £(9„)  are  simulataneousiy 
closest  to  J.,  jji  and  s^.  In  case  (a.2)  the  same  holds,  except  that  for  all  sufficiently  large  n  the 
placements  £'(9„)  are  all  marginal  with  respect  to  Ji- 
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Let  us  summarize  these  remarks.  Assuming  that  jj  and  s^  touch  tlie  western  side  of  the  Z,- 
racetracks  (with  respect  to  the  standard  parametrization  of  VM(s^,  s^),  then  only  if  Z^  satisfies 
case  (a.l)  can  9  ^  81.  There  are  three  subcases.  If  8  =  Oq  then  case  (a.l)  applies,  Zg  =  W{Qi), 
Zj  =  £:(8f )  =  £(81),  and 

££([80,  81])  =  EE(Q{)  U  £([80.  81)) 

is  homeomorphic  to  a  dosed  interval  as  in  Lemma  6.3.  Again  if  80  <  9  <  8^  then  case  (a.l) 
applies,  Zg  =  £(8'*"),  Z^  =  £(8")  and  again  the  result  follows.  Finally  if  case  (a.l)  does  not  apply 
then  8  =  81,  Z^  =  VV(8j)  andZ^  =  £(9i)  =  £(8f)  and  again  the  result  holds.  This  discussion  will 
be  complete  when  we  cover  the  cases  where  ij  and  J3  touch  the  eastern  sides  of  the  Z, -racetracks. 
By  our  conventions  of  parametrization  (bearing  in  mind  what  'easterly'  connotes),  this  is  possible 
only  when  Sj  is  a  wall.  In  this  case  there  are  three  differences:  (1)  In  cases  (a.2)  and  (a.5)  Z^ 
cannot  be  semifree  but  Z^,  can,  and  (2)  8  =  80  is  a  lower  limit  except  in  case  (a.l).  The  analysis 
continues  as  before,  covering  case  (a). 

Case  (b)  [WC'C,  CC'C,  WW'C,  WC'C\  j^  is  a  comer,  and  a  wall  j,  incident  to  j,  is 
tangent  to  a  side  of  the  racetrack.  Again  as  in  case  (a),  we  first  suppose  jj  to  touch  the  western 
side  of  the  racetrack.  (Here  Near(Z,)  may  also  intersect  the  other  endpoint  s^  of  ^3  for  some  or  all 
of  the  placements  Z,.)  In  placement  Z„  either  (b.l)  s^  is  closest  to  an  endpoint  of  the  ladder,  (b.2) 
Zg  is  nonfree  or  the  racetrack  touches  another  object  J5,  necessarily  in  its  western  segment,  or 
(b.3)  Z„  is  marginal  with  respect  to  jj- 


Figure  17.  Illustrating  placements  Z^  in  case  (b) 


In  case  (b.l)  Z^  is  the  unique  limiting  placement  £(8*);  in  the  other  two  cases,  as  before,  Z^  = 
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W(Q)  and  9  =  6,.  In  placement  Z,,  either  (b.4)  s^  is  closest  to  an  endpoint  of  the  ladder,  or  (b.5) 
Zj,  is  nonfree  or  the  racetrack  touches  another  object  s^,  necessarily  in  the  eastern  segment,  or 
(b.6)  the  placement  is  marginal  with  respect  to  J2-  In  *ny  cise,  Z^  is  the  unique  limit  E{Q-). 
Thus  the  result  holds  as  for  case  (a).  The  same  remarks  as  given  in  case  (a)  when  s^  touches  the 
eastern  side  may  be  verified,  concluding  case  (b). 

Case  (c)  [WW'C,  WC'C'].  Both  objects  are  walls,  and  the  placements  Z,  are  marginal  with 
respect  to  one  of  them.  Without  loss  of  generality,  9  =  <{>,  the  angle  the  wall  s.  makes  with  the 
positive  X-axis  in  the  standard  coordinate  system.  Again  let  us  consider  the  placement .  Z^ .  In 
placement  Z^,  either  (c.l)  the  Q-tnd  of  the  ladder  is  closest  to  the  eastern  comer  of  jj,  (c.2)  the 
placement  is  semifree  or  the  racetrack  touches  another  object,  necessarily  in  its  western  segment, 
or  (c.3)  the  j2-end  of  the  ladder  is  closest  to  the  western  comer  of  jj  or  the  placement  is  marginal 
with  respect  to  S2-  These  cases  are  almost  identical  to  those  considered  for  case  (b),  and  we 
deduce  that  in  case  (c.l)  Z^  is  the  unique  limit  of  £(9"^)  whereas  in  the  other  two  cases  the 
streamline  is  extremal.  Similarly,  in  placement  Z^,  either  (c.4)  the  P-end  of  the  ladder  is  closest 
to  the  eastem  comer  of  s^,  (c.5)  the  racetrack  touches  another  separated  object,  necessarily  in  the 
eastern  segment,  or  (c.6)  the  placement  is  marginal  with  respect  to  j,-  In  all  cases,  Z^  =  E{Q~), 
as  before.  This  concludes  the  local  analysis  of  the  eastern  end  of  K. 

Except  in  the  case  where  AT  is  a  wall-wall  sheet,  the  standard  coordinate  system  can  be 
reflected  in  the  ^-axis,  so  the  local  analysis  holds  for  the  western  end  of  K.  In  the  wall-wall  case 
we  suppose  again  that  VVE(9)  is  parametrized  as  an  interval  {Z,:  f6[a,i]}.  Cases  (c.1-6)  again 
describe  the  placements  Z^  and  Z^.  In  cases  (c.1-3),  Z^  can  be  shown  to  equal  W(9*).  In  case 
(c.4),  Zj,  can  be  shown  to  equal  W(9~)  and  in  the  other  two  cases  the  streamline  must  be 
extremal.  Hence  the  same  reasoning  applies  to  this  case,  and  we  deduce  that  the  set  W£'([9c,9-]  is 
homeomorphic  to  a  dosed  interval.   Q.E.D. 

We  are  now  in  a  position  to  prove  the  main  result  of  this  section. 

Lemma  6.7.  The  east  (resp.  west)  end  of  a  sheet  ^  is  a  connected  set  homeomorphic  either 
to  a  dosed  interval  or  to  the  unit  drde  5'.  The  latter  is  true  if  and  only  if  Q(K)  =  5'. 

Proof.  It  is  suffident  to  prove  this  for  the  east  end  of  K.  By  the  preceding  lemmas  we 
know  that  for  any  dosed  subinterval  [9o,9i]  of  ©(AT)  the  set  ££([90,9;])  is  homeomorphic  to  a 
dosed  interval  of  real  numbers.  In  particular,  if  Q(K)  ^  S^  then  we  can  dioosc  9o  and  9-  to  be 
the  bounds  of  Q(K).  Otherwise  we  can  dioosc  an  arbitrary  pair  9c  and  9.  of  non-degenerate  and 
non-broadside  orientations  and  separate  Q(K)  into  two  subsets  [9(1, 9,]  and  [9,,9q]  (taken  in 
counterdockwise  order  around  5').  These  defme  subsets  of  the  east  end  of  the  sheet,  each  of 
which  is  homeomorphic  to  a  dosed  interval,  and  which  intersert  only  at  the  endpoints;  hence  their 
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union  is  dearly  homeomorphic  to  S^   Q.E.D. 

The  next  lemma  is  an  extremly  simple  consequence  of  the  above  analyses. 

Lemma  6.8.  K  K  admits  an  extremal  streamline,  then  dK  is  path-connected. 

Proof.  An  extremal  streamline  consists  of  placements  common  to  both  ends  of  the  sheet 
(Lemma  6.5),  so  dK  may  be  represented  as  the  union  of  two  intersecting  path-connected  sets. 
Q.E.D. 

In  the  standard  parametrization  of  a  sheet  K  let  us  single  out  two  canonical  orientations: 
where  the  ladder  is  horizontal  in  the  standard  parametrization.  We  call  the  associated  streamlines 
(which  may,  of  course,  be  empty)  the  core  streamlines.  Fmally  define  the  skeleton  of  the  sheet  K 
to  be  the  union  of  its  ends  with  the  core  streamlines.  Since  each  end  of  a  sheet  is  connected  and 
any  streamline  must  intersect  both  ends,  it  follows  at  once  that  the  skeleton  of  a  sheet  is 
connected. 

Theorem  6.9.  The  skeleton  of  a  sheet  K  is  a  connected  subset  of  K,  topologically 
homeomorphic  to  a  network  (ie.,  1-dimensional  complex),  which  contains  dK.  Since  two  sheets  K^ 
and  K2  can  only  intersect  along  their  boundaries,  it  follows  that  the  union  of  the  skeletons  of  all 
sheets,  which  we  call  the  skeleton  of  FP,  is  a  network  whose  connectivity  defines  the  connectivity 
of  Vor^{n)  and  hence  o{FP.  • 

7.  The  tree  skeleton  of  a  sheet. 

Although  the  analysis  to  now  is  sufficient  to  solve  the  motion-planning  problem,  it  has  one 
defect  which  is  against  the  spirit  of  the  Voronoi  diagram  approach:  the  skeleton  includes  the  non- 
free  boundary  of  sheets,  and  therefore  motions  along  the  skeleton  need  to  be  perturbed  to  lie 
within  FP.  However,  it  is  not  necessary  that  this  is  so:  for  the  remainder  of  this  paper  we  shall 
analyze  the  role  played  by  the  semifree  boundary  and  conclude  that  the  free  part  of  every  skeleton 
is  also  comiected.  To  avoid  the  cacophony  'nonfree  semifree',  in  this  section  we  use  the  term 
'semifree'  exclusively  for  placements  in  SFP~FP. 

Definition.  The  conjugate  of  a  placement  Z  =  (x^,Q)  is  the  placement 
(x+dcos(Q),y+dsin(Q),-Q).  In  other  words,  it  is  the  unique  other  placement  Z'  such  that  B(Z') 
=  fl(Z). 

Deflnitioii.  Let  Z  be  a  virtual  semifree  placement  in  VM{s^,Sn).  Let  q  and  p  be  the  points 
where  the  ladder  touches  (the  extensions  of)  s^  and  J2  respectively.  Then  the  placement  is  positive 
if  either  (a)  p  ^  q  and  q  lies  between  p  and  Q  on  the  ladder  01  (b)  p  =  q  =  P.  Otherwise  the 
placement  is  negative. 
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Figure  18.  Positive  semi-free  placements 


Note  that  this  classification  depends  on  the  ordering  of  jj  and  jj  ~  we  follow  the  usual 
convention  that  in  the  wall-comer  case  jj  is  the  comer.  Note  that  case  (b)  is  possible  only  when 
the  ladder  touches  the  apex  of  the  wedge  in  the  wall-wall  case.  It  is  clear  that  a  placement  is 
positive  if  and  only  if  its  conjugate  is  negative. 

The  basic  fact  which  we  shall  establish  is  simply  this:  that  in  any  sheet  K,  the  intersection  of 
the  skeleton  with  FP  is  connected.  This  intersection  we  define  as  the  free  skeleton  of  a  sheet.  It 
is  not  easy  to  prove  this  fact  in  a  general  way,  since  the  details  are  somewhat  different  for  each  of 
the  three  kinds  of  sheet;  it  is  simplest  to  verify  it  case  by  case.  Most  of  the  work  will  use  the  fact 
that  in  any  sheet  both  the  set  of  positive  semifree  placements  and  the  set  of  negative  semifree 
placements  is  connected.  Therefore  we  shall  divide  the  analysis  into  three  parts,  one  for  each  kind 
of  sheet,  and  in  each  part  we  shall  prove  (i)  that  the  set  of  positive  semifree  placements  (and 
hence  by  symmetry  the  set  of  negative  semifree  placements)  is  connected,  and  then  (ii)  that  the 
semifree  skeleton  is  connected. 

Lemma  7.1.  If  a  sheet  K  contains  a  placement  Z  and  its  conjugate,  then  0(Af)  is  the  whole 
drcle. 

Proof.  Let  Z,  be  a  path  in  K  from  Z  =  Zq  to  its  conjugate  Z..  Therefore  [6(;,e.]  C  Q{K) 
where  9^  =  0(Zj.  Then  we  may  take  the  conjugate  of  every  placement  along  the  path  and  obtain 
a  path  from  Z,  to  Zq.  This  path  must  also  lie  in  ^  since  the  clearance  conditions  are  invariant  with 
respect  to  conjugation.  Hence,  [9i,6q]  C  ©(/f).   Q.E.D. 

We  shall  see  later  that  except  possibly  in  the  wall-comer  case  the  sets  of  positive  and 
negative  semifree  placements  in  a  sheet  (assuming  they  both  exist)  are  mutually  conjugate, 
essentially  because  the  clearance  function  is  invariant  under  conjugation. 

Lemma  7.2.  In  any  comer-comer  sheet  K,  the  set  of  positive  semifree  placements  is  a 
connected  set  of  broadside  placements.  All  semifree  placements  are  in  the  same  end  of  K. 
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Proof.  The  connectivity  property  is  trivial,  since  the  geometry  is  very  simple.  The  second 
part  is  also  very  simple;  note  that  it  is  possible  that  the  set  of  semifree  placements  be  common  to 
both  ends  of  the  sheet  (see  below).   • 

Lemma  7.3.  The  free  skeleton  of  any  comer-comer  sheet  K  is  connected. 

Proof.  We  may  assume  that  K  has  broadside  placements.  The  proof  is  divided  into  three 
cases  following  the  classification  of  the  comers  and  its  incident  walls  preceding  Lemma  6.4  (see 
figure  12).  These  cases  essentially  classify  the  sheet  based  on  the  way  in  which  the  walls  incident 
to  the  two  comers  ejrtend  from  the  ^-axis. 

(a)  In  this  case  all  walls  extend  westward  from  the  y-axis,  and  it  is  dear  that  the  semifree 
placements  are  all  in  the  west  end  of  the  sheet,  (a.l)  If  there  are  two  components  of 
semifree  placements  then  all  orientations  are  feasible  and  the  two  ends  are  each 
homeomorphic  to  a  drcle;  it  follows  that  the  intersection  of  FP  with  the  west  end  of  the 
sheet  has  two  components  corresponding  to  the  ranges  of  angles  (--77/2,17/2)  and 
(t7/2,-t7/2).  Each  of  these  components  intersects  one  of  the  two  core  streamlines  which 
intersects  the  eastern  end  of  the  sheet.  But  the  eastern  end  is  connected  and  free.  (a. 2)  If 
there  is  only  one  component  of  semifree  placements,  all  positive  placements,  say,  then  again 
the  westem  end  may  have  up  to  two  components  of  free  placements  corresponding  to  ranges 
of  orientations  [6^^,17/2)  and  (■77/2,9^.  Each  of  these  components  is  connected  to  the 
eastern  end  of  /T  by  an  extremal  streamline.  (Here  the  designated  angles  represent  the 
bounds  on  Q{K);  the  analysis  holds  whether  or  not  either  bound  equals  t7/2.)  E  t7/2  is  a 
bound  for  the  orientations  then  the  extremal  y-streamline  represents  the  intersection  of  the 
east  and  west  ends  in  an  isolated  nonfree  placement.  Otherwise  both  extremal  streamlines 
consist  only  of  free  placements  and  connect  the  east  end  of  K  with  the  two  components  of 
free  placements  in  the  west  end  of  K. 

{b)  Qearly,  in  this  case,  9^^  =  17/2,  and  9,^^,  >  77/2  (this  follows  from  the  principle  of  general 
position).  Note  that  in  this  case  the  semifree  placements  are  common  to  both  ends  of  the 
sheet.  Thus,  the  free  part  of  the  west  end  of  the  sheet  may  be  represented  as 
U{W£(e)  :  e€  (77/2,9^}  with  a  corresponding  formula  representing  the  free  part  of  the 
east  end  of  the  sheet.  Both  these  sets  are  path-connected  by  Lemma  6.6,  and  they  are 
connected  by  the  the  9,j2j-streamline  which  is  free. 

(c)  This  case  is  essentially  the  same  as  (fe):  as  observed  in  Section  6,  -17/2  is  an  upper  bound  for 
Q{K)  (here  there  is  exactly  one  semifree  placement  in  the  sheet).  This  concludes  the  analysis 
of  the  comer-comer  case.   Q.E.D. 

Lemma  7.4.  The  set  of  positive  semifree  placements  in  a  wall-wall  sheet  K  is  connected. 
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Proof.  First  note  that  the  set  of  positive  virt\ial  semifree  placements  in  VA/(j.,jJ  is 
continuously  parametrized  by  orientation  9  in  the  range  [-(}), it- 4))  where  the  angle  <J)  defines  the 
boundary  of  the  wedge  J  defined  in  Section  3  for  the  standard  parametrization.  Note  in  the  wall- 
wall  case  every  nonfree  placement  is  westernmost  in  its  streamline.  Let  /  be  the  set  of 
orientations  9  such  tliat  W(9)  is  nonfree:  we  want  to  show  that  /  is  connected.  Suppose  not,  so 
there  exists  two  angles  9o  <  Oi  in  /  such  that  (9o,9i)  D  /  =  0.  Fu^t  note  that  in  order  to  reach  a 
contradiction  it  is  enough  to  show  that  there  is  some  subinterval  ((j)o,<t>i)  of  (^O'^i)  ^^^  ^^  t)oth 
it  and  (-<1ji,-i+)o)  f^  ^o  intersect  ©(AT),  since  any  path  from  within  the  9o  streamline  to  the  ^,- 
streamline  would  contain  placements  in  one  of  those  intervals.  Here  we  shall  examine  the 
orientations  dose  to  9o,  analyzing  why  Sq  is  an  upper  bound  for  an  interval  of  /,  -  choosing  this 
angle  for  ^^  -  and  deduce  that  these  conditions  are  locally  invariant  under  conjugacy.  Let  Zq  be 
the  semifree  placement  at  orientation  9q.  There  are  several  possible  reasons  that  Zq  should  be  at  a 
locally  maximal  orientation: 


Case  (a) 


Case  (e) 


Figure  19.  Illustrating  the  cases  in  Lemma  7.4 


(a)  F  is  at  an  eastern  endpoint  of  Ji-  Clearly,  for  all  placements  Z  in  WMis^^s^}  such  that  9(Z) 
exceeds  9o  but  is  dose  to  it,  the  virtual  Z-racetrack  does  not  meet  ^2  and  hence  Z  cannot  be  in  AT. 
The  same  considerations  apply  when  Q  touches  a  western  endpoint  of  Ji. 

(i)  P  is  at  the  apex  of  the  wedge  7,  Bq  =  4)  (the  slope  of  Jj),  and  the  ladder  is  longer  than  the 
distance  from  the  apex  of  J  to  the  eastern  endpoint  of  jj.  Then  for  a  placement  Z  chosen  as  in 
(a)  the  virtual  racetrack  fails  to  touch  s^  (or  its  endpoint). 

(c)  P  is  at  the  apex  of  the  wedge,  and  the  ladder  touches  a  third  object  Sy  Qearly  there  exists  an 
interval  (9o,(J)j)  of  orientations  for  wliich  for  any  placement  (0,0,9)  with  orientation  in  this 
interval,  the  ladder  penetrates  the  interior  of  (y.  Thus  if  Z  is  any  placement  in  WM{s-,s-^  with 
orientation  9  then  r(Z)  would  contain  some  point  p  interior  to  fy  but  not  in  r((0,0,9c)),  so  by 
Lemma  5.4  such  a  placement  cannot  be  in  JIT. 
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(d)  P  touches  ^2.  Q  touches  s^,  and  the  ladder  touches  another  object  J3,  which  must  be  a  comer 
(general  position).  In  this  case  we  can  prove  directly  that  K  does  not  admit  any  positive  semifree 
placement  whose  orientation  exceeds  Sq.  We  have  two  subcases.  {d.\)  Suppose  that  the  walls 
incident  to  J3  extend  eastward  from  fl((0,0,9o)).  Then  there  is  an  interval  (9o,<})i)  with  the 
property  that  for  every  virtual  semifree  placement  Z  in  VM{s^,s-^  whose  orientation  is  in  this 
range,  there  exists  some  point  p  (depending  on  9(2))  in  r(Z)  but  not  in  r((0,0,9Q));  hence  by 
Lemma  5.6  no  such  placement  can  be  in  AT.  {d.l)  If  the  walls  extend  westward  from  B((0,0,9q)) 
then  we  can  reach  the  same  conclusion  by  considering  the  sets  2)(Z). 

This  concludes  the  proof.  Q.E.D. 

Remarks.  In  case  {d)  of  the  above  lemma  the  treatment  was  unlike  that  of  other  cases.  In 
fact,  the  first  part  of  case  {d)  could  have  been  treated  like  the  other  cases:  it  would  mean 
essentially  that  9o  is  an  upper  bound  for  Q(JC).  However,  this  is  not  true  in  the  second  part  of  case 
{d),  since  we  can  only  deduce  that  9o  is  an  upper  bound  for  /;  it  is  still  possible,  for  instance,  that 
all  orientations  be  admissible  in  the  sheet.  Compare  with  case  {e)  in  Lemma  7.7.  It  is  clear  that 
the  semifree  placements  always  lie  in  the  west  end  of  the  wall-wall  sheet  K.  Note  also  that  if  case 
(i)  or  (c)  applies  then  the  semifree  placements  actually  form  the  west  end  of  K.  For  suppose  the 
contrary,  so  there  is  some  free  placement  Z  in  the  west  end  of  K.  This  can  happen  in  only  one 
way  (since  the  walls  s^  and  $2  meet):  there  exist  some  further  obstacle  points  in  r(Z).  Therefore 
(by  the  'thick  walls'  principle)  there  exist  some  points  interior  to  f^  m  r(Z).  This  certainly  cannot 
happen  for  any  semifree  placement  satisfying  {b)  or  (c),  so  Lemma  5.4  yields  a  contradiction. 

Lemma  7.5.  The  free  skeleton  of  a  wall-wall  sheet  K  is  connected. 

Proof.  If  the  set  of  semifree  placements  has  two  components,  then  these  components  are 
mutually  conjugate  and  therefore  all  orientations  are  feasible  in  K.  Thus  deleting  the  semifree 
placements  from  the  west  end  yields  two  components  (the  free  part  of  the  west  end  also  has  two 
mutually  conjugate  components).  By  the  remark  following  Lemma  7.4,  each  of  these  components 
intersects  a  core  streamline  which  serves  to  connect  them  to  the  connected  east  end  of  K.  This 
disposes  of  the  case  where  the  set  of  semifree  placements  has  two  components,  so  we  may  now 
assume  that  not  all  orientations  are  admissible  in  K  and  the  set  of  semifree  placements  has  exactly 
one  component.  Since  we  already  know  that  the  west  end  of  AT  is  homeomorphic  to  a  line-interval 
we  deduce  that  removing  the  set  of  semifree  placements  leaves  two  intervals  each  linked  to  the 
east  end  along  an  extremal  streamline.   Q.E.D. 

It  remains  to  consider  the  case  of  a  wall-comer  sheet.  This  is  somewhat  different  from  the 
other  two  cases  in  that  it  is  possible  for  the  free  boundary  of  such  a  sheet  to  be  disconnected 
without  all  orientations  being  admissible;  in  other  words,  it  is  possible  for  both  extremal 
streamlines  to  terminate  in  semifree  placements  at  opposite  ends  of  the  sheet.   To  see  how  this  is 
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so,  let  us  begin  the  analysis  by  considering  the  set  of  positive  virtual  semifree  placements  in 
V^f(sl,s^  in  the  wall  comer  case.  Such  placements  Zg  exist  for  all  orientations  9  in  the  range 
[e^,9j^rg],  where  the  bounding  angles  are  the  positive  solutions  of  the  trigonometric  relation 

Jsine  =  h 

(Recall  that  h  is  the  distance  from  s^  to  the  extension  of  jj)  The  mapping  6  -  Z,  is  continuous 
and  is  a  local  parametrization  except  at  the  bounding  angles.  As  9  varies  over  this  range  the  end 
Q  of  the  ladder  traces  out  a  quartic  curve,  a  conchoid  of  Nicomedes  [SSI],  which  has  a  cusp  at  5j. 
The  tangents  to  this  cusp  make  angles  9^  and  Q^rg  respectively.  Suppose  that  the  interior  of  this 
conchoid  intersects  Cf;  it  will  follow  that  the  ladder  would  pass  out  of  SFP  in  tracing  this  curve. 
Let  9i  be  the  first  angle  at  which  this  begins  to  happen  (it  is  possible  that  9;  equal  9^,  i.e.,  when 
the  line  through  the  ladder  penetrates  the  interior  of  ft^  at  jj),  and  let  92  be  the  last  angle  at 
which  this  happens. 


Figure  20.  Illustrating  the  bounding  angles  9i  and  9^ 


Lemma  7.6.  Following  the  above  discussion  for  the  wall-comer  sheet  K,  if  9.  and  9;  are 
both  defined,  and  0(^)n[-92,9i]  *  0,  then  ©(AT)  C  [-8:,9;]. 

Proof.  It  is  not  difficult  to  show  that  there  exist  angles  (J),  and  <});  close  to  9-  and  9- 
respectively  such  that  for  any  placement  Z  such  that  9(Z)  or  -9(Z)  is  in  the  range  (9.,c|>.)  U 
(<}>2,92)  and  Z  is  in  VM(s^,s^  then  Z  cannot  be  in  any  {s^,s-^  sheet.  To  show  this  one  merely  relies 
on  the  'thick  walls'  principle  and  the  growth  properties  of  the  sets  A(Z)  as  used  in  demonstrating 
connectivity  of  streamlines. 

However,  any  continuous  path  from  a  placement  Z  in  VM{s^,s^  wiiose  orientation  is  in 
[— Oj.Sjj  to  a  placement  in  VM(s^,S2)  whose  orientation  is  outside  that  range  would  have  to  contain 
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a  placement  whose  orientation  lay  in  one  of  these  four  'forbidden'  intervals.  Q.E.D. 

Lemma  7.7.  The  set  of  positive  semifree  placements  in  a  wall-comer  sheet  K  is  connected. 

Proof.  As  in  the  wall-wall  case,  let  /  be  the  set  of  angles  defining  semifree  placements  in  K 
and  suppose  that  9o  and  Oj  €  /  but  (9o,9i)n/  =  0.  Again  it  will  be  enough  to  show  that  there  is 
always  some  <J)i  in  (9o,9j)  such  that  for  no  placement  Z  in  VM{s-^,s-^  such  that  Z  or  its  conjugate 
has  orientation  in  (9o,<^l)  is  Z  in  AT.  The  following  situations  are  possible. 


(a) 


(b) 


(c) 


(d) 


(e) 


Figure  21.  Illustrating  the  cases  for  Lemma  7.7 


(a)  P  touches  the  eastern  endpoint  of  J2-  Qearly,  for  all  9  greater  than  9o  and  sufficiently  dose  to 
it,  if  Z  is  a  placement  at  orientation  9  in  VM{sy,s^  then  either  (i)  the  ladder  is  west  of  jj  in  which 
case  the  virtual  racetrack  must  intersect  the  interior  of  fif  or  (ii)  the  ladder  is  east  of  or  touches  s^ 
and  the  virtual  racetrack  fails  to  touch  $2. 

(b)  the  ladder  lies  along  a  wall  incident  to  s^;  (c)  the  ladder  touches  another  comer  Sy  where  the 
point  of  contact  is  above  the  point  where  it  touches  s^;  oi  (d)  Q  touches  another  wall  jj.  All  of 
these  cases  have  been  covered  in  Lemma  7.6. 

(e)  The  ladder  touches  another  object  s^  between  P  and  the  point  of  contact  with  s^.  By  the 
principle  of  general  position,  s^  must  be  a  comer.  Both  walls  incident  to  jj  must  extend  eastward 
from  that  comer.  In  this  case  we  can  show  directly  that  there  can  be  no  positive  semifree 
placement  in  the  sheet  with  orientation  greater  than  9o.  Let  Z,  represent  the  positive  semifree 
placements  with  orientations  9^.  Qearly  r{Z^)  contains  some  point  p  interior  to  [Y  which  is  not  in 
r(Zo).  This  direcdy  contradicts  Lemma  5.4. 

This  concludes  the  proof.   Q.E.D. 

Lemma  7.8.  The  free  skeleton  of  any  wall-comer  sheet  K  is  connected. 
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Proof.  If  either  («)  all  orientations  are  admissible  or  («)  the  set  of  seniifree  placements  is 
connected  then  the  arguments  arc  the  same  as  for  the  other  two  kinds  of  sheet;  hence  let  us  only 
consider  the  case  where  the  set  of  semifree  placements  is  disconnected  and  not  all  orientations  are 
admissible.  Let  8^^  and  Q,^^  be  the  bounds  on  ©(AT).  We  know  that  these  angles  have  opp>osite 
signs  since  the  sheet  has  both  positive  and  negative  semifree  placements.  Qaim  that  both  6^.^^  and 
6„^  admit  semifree  placements;  it  is  enough  to  discuss  this  for  9,^^^.  The  only  case  in  which  this 
might  fail  is  when  the  angle  Qq  in  the  above  Lemma  resulted  from  case  (e).  However,  9n^-9„r. 
<  17.  This  implies  that  the  region  in  CL  bounded  by  the  x-axis  and  two  lines  through  s-  at  these 
two  angles  contains  s^  and  points  near  J3  interior  to  (y.  This  is  impossible,  since  such  points  would 
be  in  r(Z{)~r(ZQ)  where  Zq  is  the  semifree  placement  at  orientation  Qq  and  Z.  is  any  negative 
semifree  placement. 

Thus  deleting  the  semifree  placements  from  an  end  of  K  leaves  two  components:  one 
extremal  streamline  which  intersects  the  other  end  in  a  free  placement,  and  one  connected  set 
which  intersects  the  core  streamline.   Q.E.D. 

Summarizing  the  results  of  this  section  is  the  following  theorem. 

Theorem  7.9.  In  any  sheet  K,  the  free  skeleton  of  K,  i.e.,  the  intersection  of  FP  with  the 
union  of  dK  and  its  core  streamlines,  is  connected,   • 

Define  the  free  skeleton  N  of  FP  to  be  the  union  of  the  free  skeletons  of  its  sheets.  The 
concluding  result  of  this  paper  is  that  N  defines  the  path-connectivity  of  FP. 

Theorem  7.10.  Every  path-connected  component  of  FP  contains  a  unique  path-conneaed 
component  of  N. 

Proof.  Let  Zq  and  Zj  be  in  the  same  path  connected  component  oi  FP.  By  the  retraction 
theorem,  this  is  equivalent  to  saying  that  Im(Z(^  and  Im(Z{)  are  in  the  same  path-connected 
component  of  Vor^(il).  Let  11  be  a  path  from  Im(Z(^  to  /m(Zj)  in  Vor^^Cl)  and  let  H  be  the 
collection  of  sheets  visited  along  this  path.  For  any  placement  Z  in  the  path  not  interior  to  any 
sheet,  Z  must  be  in  the  free  skeletons  of  all  adjacent  sheets.  Hence  the  union  of  the  free  skeletons 
of  all  sheets  in  W  is  connected  and  therefore  contained  in  the  same  component  of  .V.  The 
converse  is  trivial  since  N^P.   Q.E.D. 

8.   Remarka  on  constmctlag  and  using  the  free  skeleton  for  motion-planning. 

In  this  section  the  phases  of  the  motion-planning  algorithm  are  sketched  out.  The  companion 
paper  [OSY2]  describes  an  efficient  implementation  of  the  preprocessing  stage.  This  preprocessing 
amounts,  of  course,  to  constructing  a  combinatorial  representation  of  the  free  skeleton  .V,  Recall 
that  ^  is  a  network  consisting  of  ends  and  core  streamlims.  The  ends  of  a  sheet  can  be  divided 
into  subparts  called  edges  where  each  is  bounded  by  Voronoi  vertices  which  represent  placements 
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coramon  to  four  sheets,  and  semifree  vertices  (wWch  are  not,  strictly  speaking,  in  N).  We  shaU  call 
placements  at  the  intersection  of  core  streamlines  with  edges  (respectively,  with  the  semifree 
boundary  of  FP)  pseudo-vertices  (respectively,  semifree  pseudo-vertices  ).  In  general,  edges  may  be 
associated  with  three  objects  Si,S2,Si  and  represent  placements  in  ^(51,^1,^3).  We  retain 
VM(s^,S2,st,)  to  denote  the  virtual  midline  defined  by  them.  Suppose  that  9  is  an  orientation  which 
is  not  degenerate  in  the  sense  of  Section  6.  In  general,  when  the  midline  is  associated  with 
separated  objects  one  of  which  is  a  wall,  there  may  be  two  placements  Z  in  VM(s.^,S2,s;i)  at 
orientation  9.  There  cannot  be  more  than  two  since  otherwise  the  same  three  objects  would  define 
three  Voronoi  vertices  in  the  standard  Voronoi  diagram  VorQ(Cl^)  which  is  known  to  be  false  by 
considerations  of  planarity  of  the  standard  Voronoi  diagram.  It  is  significant,  however,  that  not 
both  placements  can  be  in  M(s^,S2,s^). 

Lemma  8.1.  For  any  orientation  9,  the  set  of  placements  Z  at  orientation  9  in  M{s^,S2,S2)  is 
connected. 

Proof.  Qjnsider  two  placements  Zj  and  Z2  in  VM(s^,S2)  in  which  the  (virttial)  racetrack 
touches  a  third  separated  objects  s^  at  orientation  9,  and  first  suppose  that  the  placement  is  not 
degenerate  (i.e.,  broadside  with  respect  to  s^  and  one  of  the  other  objects).  Let  L  be  the  common 
tangent  to  both  these  racetracks.  Qearly,  both  racetracks  must  touch  J3  at  opposite  sides  of  I, 
and  hence,  by  the  thick  walls  principle,  they  cannot  both  be  in  M(s^,S2,Si).  Smilar  considerations 
apply  in  the  case  where  the  placements  are  broadside  with  respect  to  Sj  and,  say,  jj:  in  placements 
Z  such  that  Z  is  in  M(s^,S2,s-i)  and  broadside  with  respect  to  the  two  named  objects,  the  Z- 
racetrack  must  always  be  on  the  same  side  of  the  line  L  joining  these  two  comers,  and  it  only 
requires  a  short  case-analysis  to  verify  that  in  this  context  too  the  set  of  such  placements  is 
connected.   Q.E.D. 

The  next  observation  is  that  any  nonempty  core  streamlines  may  be  associated  with  a  unique 
edge  of  the  standard  Voronoi  diagram  VorQ{il). 

Lemma  8.2.  Any  core  streamline  in  an  (jj  ,j2)-sheet  may  be  associated  with  a  unique  edge 
corresponding  to  the  same  two  (separated)  objects  in  VorQ(Ci).  Furthermore,  with  every  edge  e  of 
Voro(Q)  either  zero  or  two  core  streamlines  are  associated  where  the  two  core  streamlines  need 
not  be  in  the  same  sheet. 

Proof.  Let  X  denote  the  given  core  streamline.  Because  in  any  placement  Z  on  this 
streamline  the  ladder  is  horizontal  with  respect  to  the  standard  coordinate  system  for  VM(si,S2),  it 
follows  (by  a  short  case-analysis)  that  there  is  a  unique  point  p(Z)  on  B{Z)  simulaneously  closest 
to  jj  and  S2,  and  p(Z)  varies  continuously  with  Z.  Furthermore,  the  disc  D(Z)  of  radius 
Clearance{Z)  about  p(Z)  touches  s^  and  53  ^^d  is  contained  in  the  racetrack  R(Z).    Hence,  for  all 
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placements  Z  in  the  streamline,  p(Z)  is  cxjnfined  to  the  same  edge  e  of  Voro(n).  This  is  the 
unique  edge  with  which  the  core  streamline  may  be  associated.  Next  suppose  that  X  represents 
the  virtual  streamline  extending  the  core  streamline  in  WM{^^,s^.  If  both  objects  s^  are  comers, 
then  by  the  analysis  in  Lemma  5.2  we  know  that  there  is  only  one  (jj,J2)  segment  of  this 
streamline  intersecting  M{s^,s^,  and  there  is  nothing  more  to  prove  (this  is  analogous  to  the  fact 
that  two  comers  can  determine  at  most  one  edge  of  the  standard  Voronoi  diagram). 

Next  suppose  that  both  objects  are  walls.  Suppose  that  the  virtual  streamline  intersects  more 
than  one  (jj,j2)-shect.  We  can  thus  suppose  that  there  exist  placements  Zj  and  Z,  in  the  virtual 
streamline,  where  Zj  is  the  eastem  endpoint  of  one  sheet  and  Zi  is  the  westem  endpoint  of  the 
'next'  sheet,  indicating  that  no  intermediate  placements  are  in  the  closure  of  M{s^,s-^.  From  the 
analysis  in  Lemma  5.5,  the  only  way  this  can  happen  is  for  there  to  exist  points  p  interior  to  O" 
and  in  2(Zi)  but  not  in  2(Z2).  Observe,  however,  that  5;(Z)  contains  the  disc  D{^)  introduced 
above.  It  follows  by  simple  'sweeping'  arguments  that  there  exists  a  placement  Z3  between  these 
two  placements  (actually,  at  Zj),  such  that  Di^-^  touches  a  third  object.  Hence  Z-  and  Z-,  are 
associated  with  different  edges  of  VorQ(n). 

Fmally,  let  us  consider  the  wall-comer  case.  With  Zj  and  Z2  as  in  the  wall-wall  case,  we 
apply  the  same  arguments  to  deduce  the  existence  of  a  placement  Zj  between  them  where  /"(Zj)  is 
simulaneously  closest  to  three  objects,  and  again  Z^  and  Z^  cannot  ba  associated  with  the  same 
edge  of  Voro(n).   Q.E.D. 

Fmally  we  can  briefly  review  the  preprocessing  and  path-planning  aspects  of  the  algorithm. 
We  may  suppose  that  we  have  at  our  disposal  (i)  the  standard  Voronoi  diagram  Voro(n),  and  (ii) 
all  the  Voronoi  vertices  and  semifree  vertices.  (Efficient  'collection'  of  these  vertices  can  be 
implemented  in  time  0(n'^og(n)log'(/i)),  with  some  effort  [OSY2].)  Each  of  these  vertices  and 
semifree  vertices  can  be  associated  with  the  (one  or  four)  sets  of  the  form  M{s-,Si,s^ 
corresponding  to  the  incident  Voronoi  edges.  Note  that  the  given  midlines  may,  by  Lemma  8.1, 
be  parametrized  by  a  parameter  f,  (usually  based  on  orientation,  but  with  provision  made  to 
parametrize  degenerate  placements).  Thus  these  sets  may  be  assumed  sorted  in  ascending  (or 
cyclic)  order  based  on  such  a  pjarametrization.  Al  this  point  any  pseudo-vertices  may  be  introduced 
by  simply  examining  the  range  of  orientations  in  the  edges  of  M{s^,i-,,z-^.  Fmally,  vertices  at 
opposite  ends  of  the  same  core  streamline  may  be  identified  by  referring  to  the  standard  Voronoi 
diagram  (Lemma  8.2).  Thus  we  can  suppose  that  the  network  U  has  been  assembled. 

Thus,  given  two  free  placements  Zj  and  Zi,  to  find  a  path  between  them  (if  one  exists)  one 
can  proceed  as  follows. 
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(i)  Compute  Im{Z,)  =  Yj,  (i  =  1,2).  This  can  be  done  by  naive  methods  b  time  0{n). 
(ii)  Locate  the  two  endpoints  of  the  streamlines  containing  the  respective  placements  K,.  Again, 
this  can  be  done  naively  in  time  0(n).  At  most  one  of  these  endpoints  in  each  streamline  can  be 
nonfree,  so  by  this  means  one  can  locate  placements  in  the  (topological)  skeleton  of  the  sheet. 
Thus  one  can  determine  by  geometric  means  placements  in  one  or  two  midlines  of  the  form 

M(s^,S2,Si). 

(iii)  Fmally,  to  begin  the  search  of  the  combinatorial  network  M,  simply  find  (again,  naively  in 
time  0(«'log"n))  the  edges  in  the  (sorted)  representations  of  the  associated  midlines.  From  their 
the  network  can  be  searched  as  a  combinatorial  graph.  Note  that  the  network  has  size  0{n^og'n) 
[OSY]  so  this  search  will  dominate  the  runtime. 
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APPENDIX:   Growth  properUea  of  the  sets  I/ZJ,  r(Z),  and  A(Z) 

This  appendix  proves  lemma  3.3  concerning  certain  monotonia ty  properties  of  the  sets 
l.(Z),  V(Z)  and  AfZj.   For  the  reader's  convenience,  we  summarize  the  lemma  here: 

Lemma.  As  Z  moves  along  a  virtiial  6-streamIine  parametrized  by  the  j: -coordinate,  the 
set  T(Z)  is  expanding;  the  set  1(Z)  is  contracting;  and  the  set  ACZ)  is  contracting  for  Z  west  of 
a  certain  point  Xq  and  expanding  east  of  Xq.  In  each  case,  the  expansion  and  contraction  are 
strict  except  for  the  following  set  Y  of  points,  defined  for  each  type  of  sheet: 

[CC\       K  is  the  set  of  points  on  the  y-axis,  together  with  the  points  on  any  lines 

through  those  sides  (if  any)  of  the  Z-racetrack  that  touch  jj  or  ^2- 

y  is  the  set  of  points  on  the  extended  walls. 

y  is  the  set  of  points  on  the  horizontal  lines  y  =  0  and  y  =  h,  together  with 

the  points  on  any  lines  tlirough  the  side  (if  any)  of  the  Z-racetrack  that 

touches  Sy 


[WW] 

[wq 


This  result  is  proved  in  three  parts,  as  lemmas  A.4,  A.5,  and  A.6  below.  First  we  note 
three  simple  geometrical  lemmas.   For  any  x,  let  p^  denote  the  point  (x,  0)  on  the  jc-axis. 

Lemma  A.1.  Let  ^i  and  ^2  tw  antipodal  points  on  the  y-ecas.  For  each  x  define  D^  to 
be  the  disc  centered  at  p^  and  passing  throxigh  q-^  and  ^2.  and  define  7,  (respectively,  cr  J  to 
be  the  intersection  of  D^  with  the  half-plane  east  (resp.  west)  of  the  y-ai^.  Then  -/(x)  (resp. 
cr(x))  expands  (resp.  contracts)  as  x  ranges  over  the  whole  line.  Moreover  the  expansion 
(resp.  contraction)  is  strict  except  for  the  points  on  the  >'-axis. 


Figure  A.1 

We  omit  the  simple  proof  since  it  is  similar  to  the  next. 

Lemma  A.2.  Let  L^  and  L2  be  two  rays  extending  from  the  origin  at  angles  ±i?,  where 
0  <  ({)  <  Ti/2.  As  usual  let  J  denote  the  dosed  convex  wedge  enclosed  by  the  rays.  For 
every  x  a  0,  let  £),  be  the  dosed  disc  centered  at  p^  and  touching  both  rays;  let  -y,  be  the 
union  of  D^  with  the  set  of  all  points  in  the  wedge  J  and  lying  wrst  of  D^,  and  let  cr,   be  the 


union  of  Z?,  with  the  set  of  all  points  in  the  wedge  east  of  D^.    Then  -y,  expands  and  cr, 
contracts  for  jc  a  0.  This  expansion  (resp.  attraction)  is  strict  except  on  the  rays  L^  and  L^. 


Figure  A.2 

Proof.  For  any  x  >  0  let  ^^  (i  =  1,2)  be  the  point  where  D,  touches  L,.  1i  a,b,  c  are 
any  non-collinear  points,  we  let  Lpbc  denote  the  angle  at  b  subtended  by  a,  c,  measured 
counter-clockwise  from  a  to  c.  A  point  p  (^  q^^,  ^j,)  ">  the  wedge  7  is  in  -y,  if  and  only  if 

Lq\jxi-u  ^  it/2-<|). 

Moreover  this  inequality  is  strict  if  and  only  if  p  does  not  lie  on  the  curved  portion  of  the 
boundary  of  7,.  To  show  that  7,  is  expanding,  suppose  u  <  x.  Since  the  angle  Lq^pq^x 
increases  strictly  with  increasing  x,  we  see  that  p  is  in  -y„  implies  p  is  in  ■/,.  Moreover,  /?  is  in 
the  interior  of  7,  unless  p  lies  on  the  rays.  A  similar  analysis  holds  for  a,  based  on  the 
inequality 

LqirMu  ^  ii/2+<t>. 

Q.E.D. 

The  constructions  involved  in  the  next  lemma  are  as  follows:  let  <7,  be  a  point  (0,  h)  on 
the  positive  y-ajos  and  let  D^  represent  the  dosed  disc  touching  q,^  and  tangential  to  the  j:-axis 
at  p,  (so  the  center  of  Z),  is  on  the  parabola  with  <7i  as  focus  and  the  x-axis  as  directrix).  Let 
A  be  the  infinite  strip  0  s  y  s  A.  The  line  segment  qjy^  divides  A  into  an  eastern  and  a 
western  component  denoted  E,  and  W,.  Let  -y,  (resp.  a,)  denote  D,  n  £,  (resp.  D,  n  W,). 
Also  let  6,  be  the  intersection  of  D,  with  the  half -space  y  ^  h.  The  next  lemma  is  a  variation 
on  the  expanding  and  contracting  set  idea. 


y  =  h 


E, 


Figure  A.3  •/,,  <t^  and  8^. 

Lcmnui  A.3.   Suppose  u  <  x.  Then 

(0     P  ^  7u  '^  ^i  unplJes  p  i  7,.   Moreover,  if  p  does  not  lie  on  the  line  y  =  h  then  p  is  in 
the  interior  of  7,. 

(ii)    p  i  Q^r\W^  implies  p  i  o^-   Moreover,  if  p  does  not  lie  on  the  line  y  =  h  then  />  is  in 
the  interior  of  a^. 

(iii)    The  set  8^  is  contracting  f or  x  ^  0  and  expanding  for  j:  a  0.   Moreover,  the  expansion 
and  contraction  is  strict  except  for  points  on  the  line  y  =  h. 

Proof.  For  each  x  let  a,  be  the  angle  Lq\cp^  where  c  is  the  center  of  D,.  Qearly  a^ 
decreases  monotonically  with  iiKieasing  x.  Note  that  for  any  point  p  ^  q^'m  E^,  p  lies  in  7^ 
if  and  only  if 


Moreover,  if  p  is  not  on  the  line  y  =  h  then  the  inequality  is  strict  iff  p  is  in  tlie  interior  of 
7„.   To  see  (i),  note  that  /?  €  7„  n  £j  implies 

LqiPP^  >  LqxPP^  ^  "2"  ^  T' 

This  dearly  implies  that  p  is  in  7, ;  moreover,  p  is  in  the  interior  of  7,  if  p  is  not  in  the  line 
y  =  h.  The  proof  for  a^  is  symmetric.  ~ 

To  show  (iii)  for  8^,  we  note  that  f or  x  a  0  (resp.  x  s  0),  the  arguments  are  as  for  7, 
(resp.  (7,).  Q.E.D. 

In  the  following,  the  ladder  moves  along  a  9-streamline  V,  (or  ^'-streamline  V,.  In  the 
case  of  broadside  placements)  parametrized  as  Z,  for  all  x  (or  for  x  a  c  in  the  ^^case,  c 
dqxmding  on  9).  We  adopt  the  notation  T,,  S„  and  A,  for  r(Zj,  2(ZJ,  and  A(ZJ 
respectively. 


Lemma  A.4.  (WW)  Let  2,  be  the  standard  paramctrization  of  a  virtual  streamline  V,  in 
the  virtual  midsurface  of  two  walls  jj  and  jj-  Then  the  set  F,  is  expanding,  and  X, 
contracting,  with  x.  Moreover,  except  for  points  on  the  extended  walls,  the  expansion  and 
contraction  are  strict. 


Figure  4.  Wall-wall  case. 

Proof.  We  prove  this  for  F,  only  since  the  otlier  case  is  similar.  Without  loss  of 
generality  assume  0  s  9  <  it.  Note  that  if  9  <  iT-<t>  then  both  ends,  P^  =  P{Z^  and 
Co  =  Q(2o),  of  the  ladder  at  the  western  extreme  of  the  streamline  V,  lie  on  the  extended 
walls;  let  T  denote  the  triangle  ^OP^Qq.  Otherwise,  if  9  <  (|)  (resp.  it-<})  <  9)  then  Pq  (resp. 
Co)  coincides  with  the  origin  0;  7  is  defined  to  be  the  single  point  O  in  this  case.  Let  K-  and 
Ki  be  the  rays  emanating  from  Pq  at  angles  ±^  -  %o  K^  aie  the  displaced  walls.  So  Z^,  is 
parallel  to  the  wall  5,.  With  respect  to  the  AT/s,  the  sets  D,,  ct,,  and  -y,  can  be  defined  as  in 
lemma  A.2.  Note  that 

F,  =  r  U  (-y.+^e)- 

By  lemma  A.2,  the  set  -y,  is  expanding  with  x  and  is  strict  except  on  AT.  and  ^-.  This 
translates  to  the  claim  that  F^  is  expanding  with  x  and  that  the  expansion  is  stria  except  on 
the  extended  walls.   Q.E.D. 

Lemma  A.5.  (CC).  Let  Z,  be  the  standard  paramctrization  of  the  virtiial  streamline  V^ 
(or  V^.  if  the  ladder  is  broadside)  in  the  virtual  midsurface  of  two  comers  j.,  j;.  Then  the  sets 
F,  and  1,  respectively  expand  and  contract  with  x.  Moreover  the  expansion  and  contraction 
are  strict  except  for  the  points  on  the  line  j^Jj  ^^"^  °°  *"y  ^^  through  those  sides  of  the 


racetrack  that  touch  s^  or  52- 

Proof.  We  shall  consider  only  e-streamlines,  assuming  that  the  ladder  is  not  vertical;  the 
case  where  the  ladder  is  vertical  is  even  simpler. 

Consider  the  line-segments  5',  =  Sj  -  B^  (i  =  1,  2):  let  t,  =  s^  -  (<fcos6,  dsinQ)  denote 
the  other  endpoint  of  j',.  It  is  easily  seen  that  the  P-end  of  a  virtual  streamline  V,  traces  out 
the  standard  Voronoi  diagram  oi  s\U  s'2.  See  figure  A.5.  In  general,  this  trace  may  be 
divided  natiu-ally  into  5  sections:  three  line-segments  connected  by  two  parabolic  segments. 
The  central  segment  disappears  if  9  is  such  that  two  normals  to  the  j'/s  (through  the  points  jj 
and  fj)  coincide,  but  this  does  not  affect  the  generality  of  our  analysis. 


T^ 


Figure  A.5.  Two  instances  of  the 
segmentation  of  (the  trace  of)  V,  into  five  parts. 

Let  us  divide  the  streamline  into  segments  V;   through  V^,  corresponding  to  the 
segmentation  of  its  trace.  Thus  let 

-00  =  x^  <  Xj  <  Xi  <  xj  <  X4  <  J5  =  00 

such  that  2,  lies  in  V,  iff  x,_i  s  x  s  x,.  In  particular,  V,  (resp.  Vj)  is  a  ray  that  extends 
horizontally  to  the  west  (resp.  east).  Without  loss  of  generality,  0  ^  6  <  ir/Z;  the  other  cases 
are  symmetric.  Let  H^  and  //£•  denote  the  half-planes  to  the  west  and  east  (respectively)  of 
the  line  3^32-   Considering  each  V,  in  turn: 

(Vi)  Vj  lies  along  the  bisector  of  the  two  points  ti  (»  =  1,  2).   To  analyze  T,,  define  the  sets 


•y,,  <T,  and  D,  with  respect  to  the  two  points  t,  (ie.  regard  r^  as  antipodal  points  of  the 
appropriate  coordinate  axis),  as  in  lemma  A.1.  It  is  not  hard  to  see  that 
r^  =  //^  n  ("y,  +  fig),  and  so  lemma  A.1  implies  that  T^  is  expanding  f or  a:  s  xj. 
Moreover,  the  expansion  is  strict  except  for  points  on  the  >'-axis.  The  corresponding 
result  for  2,  follows  by  noting  that  I.^  =  H^  (^  (o^x  +  Be)- 

(V2)  This  corresponds  to  a  parabolic  segment  generated  by  the  point  fj  and  the  line  segment 
j'2.  So  for  Z  in  Vj,  s^  touches  the  eastern  bend  and  ^2  the  southern  side  of  the  Z- 
racetrack.  Let  Lf  (i  =  1,  2)  be  the  line  through  j;  with  orientation  9  and  let  p,  denote 
the  point  on  L2  whose  jc-coordinate  is  /.  By  choosing  the  coordinate  system  such  that  L2 
is  the  X-axis  and  s^  corresponds  to  q^  of  lemma  A.3,  we  can  define  the  sets  D„  E„  W„ 
•y,,  a,,  and  8,.  (For  instance,  D,  is  the  disc  touching  s-^  and  tangent  to  L2  at  p,.)  Now 
observe 

To  see  that  T,  is  expanding,  suppose  x  <  u  and  p  (.T^.  li  p  i  H^r\  (W„  +  fi,)  then 
clearly  p  €  r„.  Otherwise  ;»  €  (7,  D  £„)  +  B^  and  lemma  A.3  implies  that 
p  €  -y^  +  flg  C  r„.  Similarly,  2,  is  contracting  based  on  the  observation 

E,  =  //^  n  (((7,  U  8J  +  Bg), 

and  from  lemma  A.3.  (in  particular,  8,  is  contracting  f or  x  in  V^).  In  each  case,  the 
expansion  or  contraction  is  strict  except  for  points  on  the  line  Lj  or  on  the  vertical  line 
through  ^1^2- 

(V3)  This  segment,  if  it  exists,  corresponds  to  the  case  where  the  comers  s^  {i  =  i,  2)  are 
either  both  at  opposite  bends  of  the  racetrack  or  both  at  opposite  sides  of  the  racetrack. 
Since  the  geometry  is  very  simple  here,  the  reader  is  invited  to  supply  the  details. 
Fmally,  V4  and  V5  are  handled  analogously  to  V^  and  Vj,  respectively.  Q.E.D. 

Lemma  A.6  (WQ.  Let  Z,  be  a  parametrization  of  the  streamline  Vg  in  a  wall-comer 
virtual  midsurface.  The  sets  T,  and  2,  respectively  expand  and  contract  for  x  ranging  over 
the  entire  line.  The  set  A,  contracts  f or  x  s  Xg  and  expands  for  x  ^  Xg  where  Z,  corresponds 

to  the  placement  of  smallest  clearance  on  the  streamline.  Moreover,  the  expansion  and 
contraction  in  each  case  are  strict  except  at  the  horizontal  lines  through  the  origin  and  the 
comer  s^,  and  the  side  (if  any)  of  the  race- track  that  touches  s^. 

Proof.  We  may  assume  that  0  <  9  ^  17/2.  Again,  the  P-ead  of  the  ladder  in  the 
streamline  traces  out  the  standard  Voronoi  diagram  generated  by  the  x-axis  and  the  line 
segment  s\  =  s^—  flg.  Sec  figure  A.6.  It  separates  naturally  into  5  dosed  line-segments  V,, 
parabolic  for  i  =  l,  3,  5,  and  straight  for  z=2,  4.  If  the  streamline  contains  a  semifree 
placement  (ie.  when  fj  =  jj  -  (rfcos  9,  rfsin  9)  lies  below  the  x-axis)  then  the  segment  Vj 
degenerates  to  a  point;  again,  this  does  not  affect  the  generality  of  our  proof.   For  each  x,  let 


the  disc  D,  be  centered  at  P(Z,)  and  have  radius  CUarance{Z^).  This  disc  is  tangential  to  the 
X-axis  and  touches  (not  necessarily  ^*  a  tangent)  s\;  let  p,  and  q^  respectively  denote  these 
two  points  of  contact.  Let  A  be  the  strip  between  the  x-axis  and  the  horizontal  line  through 
jj.  The  strip  is  divided  by  the  segment  sj>^  into  an  eastern  and  western  part,  E^  and  W,. 
Qearly  £,  (resp.  W,)  is  contracting  (resp.  expanding).   Considering  each  V^  in  turn: 


Figure  A.6.  The  segmentation  of  the  Vg  streamline 
in  the  wall-comer  case. 

(V5)  First  suppose  that  Z,  is  in  Vj  so  the  disc  D,  touches  the  comer  jj.  Note  that  F,  may  be 
expressed  as  the  union  of  W,  and  (D,  -(-  fl,)  n  A .  Let  x  <  u  and  p  be  in  F, .  If 
p  €  W^  U  (Sj  -t-  ip^  n  E^))  then  lemma  A.3  implies  that  p  €  F,.  So  we  may  suppose 
that  p  e  flg  -)-  (D,  n  Wj.  Then  p  has  the  form  q  ■¥  r  where  <?  €  £),  H  W,,  r  €  fl,. 
Either  p  €  W^  or  else  for  some  0  <  a<\,q  +  cu-  lies  on  the  line-segment  s.p^.  In  the 
latter  case  p  =  {q  +  a.r)  +  (l-o)r  lies  in  (D,  fl  £^)  +  5g  C  T^-  Thus  we  have  shown 
that  F,  is  expanding.  It  is  also  easy  to  sec  that  the  expansion  is  strict  except  for  points 
the  set  described  by  the  lemma.  The  analysis  for  X,  is  similar:  S,  is  the  union  of  £, 
and  (D,  +  flg)  H  A,  and  our  result  follows  as  usual  using  lemma  A.3.  Fmally,  A,  is 
given  by  6,  -(-  5g  which  (lemma  A.3  shows)  is  expanding  for  x  a  X4. 

(V4)  We  choose  an  appropriate  coordinate  system  as  in  lemma  A.2  and  defme  the  sets  "y,  and 
a  J.  Then  the  desired  growth  properties  easily  follows  from  the  observation  that 
F,  =  W,  U  (A  n  (7,  -I-  flg)),  2,  =  £j,  U  (i4  n  (ct,  -t-  flg)),  and  A,  is  the  intersection  of 
the  half-plane  y  ^  h  with  7,  -(-  Bg. 


(Vj)  The  analysis  for  V3  is  similar  to  that  for  V^  excqjt  that  the  disc  D,  would  touch 
fj  =  5i  -  (dcos  9,  dan  8)  rather  than  s^.  Also  A,  is  initially  contracting  then  expanding 
in  this  range.   Fmally,  the  analysis  for  V^  and  V2  can  similarly  be  carried  out.  Q.E.D. 
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